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Abstract
We introduce the SHEAF protocol (Semantic Heterogeneous Evaluation and

Agreement Framework) for structured consensus among heterogeneous autonomous
agents. Classical consensus (BFT, Paxos, CRDTs) assumes a shared state type;
SHEAF addresses the harder problem where agents have different vocabularies,
schemas, and overlapping but non-identical views of reality. The protocol has three
core stages: a diagnostic computing the first Čech cohomology H1 of the overlap
network to determine whether global agreement is structurally possible; a resolution
via enriched sheaf Laplacian diffusion when H1 = 0; and a topology auction pricing
minimal structural corrections when H1 6= 0, with overcollateralized bonds ensuring
incentive compatibility. Soundness is proven: SHEAF never reports agreement
when it is structurally impossible (no false trivial, mechanically verified in Lean 4).
Convergence is proven for vector-space and lattice coefficients, conditional on a
Laplacian Bridge Conjecture for quantale-enriched settings.

Our main empirical contribution is a sheaf-cohomological diagnostic for multi-
model alignment that tests a structural property—global gauge equivalence (H1 =
0)—invisible to existing pairwise metrics. We validate the diagnostic on synthetic
data (sensitivity down to defect angle θ = 0.05) and deploy it on 8 sentence-
transformer models (3 architectures, 4 organizations, 4 training objectives). The di-
agnostic reports trivial H1 (frustration SNR ≈ 1.0× versus a noise-matched null at
all PCA dimensions k ∈ {64, 128, 256, 384}), establishing that pairwise Procrustes
methods are sufficient in this regime and providing the first empirical boundary con-
dition for SHEAF’s deployment. We distinguish the representation sheaf (where
H1 = 0) from the communication sheaf, where frustration decomposes into two
independent components: encoder mismatch (which saturates frustration regard-
less of model similarity) and gauge-projection nonlinearity (which destroys cocycle
structure only when models are sufficiently dissimilar). This identifies the lossy
interface—not the internal geometry—as the structural locus of multi-agent coor-
dination failure, and connects the sheafability conditions to a precise mechanism:
reducing encoder mismatch recovers the gauge-equivalence baseline. Additional
validation on the OAEI ontology alignment benchmark confirms the diagnostic
correctly identifies transitive inconsistencies in 7 real-world ontologies.
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1 The Problem

1.1 Classical consensus assumes homogeneity
The theory and practice of distributed consensus has produced a remarkable set of
protocols—Paxos [7], Raft [8], practical BFT [9], Nakamoto consensus [10]—all shar-
ing a common structural assumption: every participant proposes, validates, and commits
values of the same type. A Paxos acceptor and a Paxos proposer disagree about which
value to commit, but they agree completely about what a “value” is. A Byzantine node
may lie about its value, but it lies in the same language as everyone else.

This assumption extends to modern coordination primitives:
• Conflict-free replicated data types (CRDTs) [11] achieve eventual consistency

through commutative merge operations—but the commutativity requires a shared
algebraic structure. Two replicas of a G-Counter can merge because they agree on
what a “counter” is.

• Multi-agent reinforcement learning (MARL) optimizes joint policies through
interaction—but provides no convergence guarantees when agents observe different
state spaces, no impossibility detection when coordination is structurally infeasible,
and no diagnostic when training fails to converge.

• LLM orchestration frameworks (CrewAI [17], LangGraph [18], AutoGen [19])
compose language model agents into workflows—but treat semantic alignment as a
prompt engineering problem, with no formal characterization of when inter-agent
agreement on concepts is achievable.

The missing case—the case this paper addresses—is heterogeneous consensus: agents
with different vocabularies observing overlapping but non-identical realities, where the
question is not “what value do we agree on?” but “can we agree at all?”

1.2 Three motivating scenarios
Example 1.1 (Enterprise AI orchestration). Three LLM agents are deployed to process
a legal due diligence corpus: a retrieval agent indexes documents by semantic similarity
using an embedding model, a reasoning agent extracts contractual obligations using chain-
of-thought prompting, and a verification agent checks extracted facts against a structured
database. Each agent must determine which documents are “relevant” to the query.

The retrieval agent defines relevance by cosine similarity in embedding space. The
reasoning agent defines relevance by logical connection to the query’s legal issues. The
verification agent defines relevance by whether the document contains verifiable factual
claims.

Pairwise alignment succeeds: the retrieval and reasoning agents can reconcile their
definitions over the set of documents they both process. The reasoning and verification
agents can reconcile over their shared outputs. But three-way alignment fails silently—
the three pairwise reconciliations are mutually inconsistent, and no amount of prompt
tuning, re-ranking, or iterative refinement within the current architecture can fix it. The
system returns inconsistent results depending on which pair of agents is consulted, and
no agent can detect or report the inconsistency.

Example 1.2 (Autonomous swarm coordination). A fleet of heterogeneous unmanned
underwater vehicles (UUVs) operates in a communication-impaired environment. Each
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vehicle has different sensors (sonar, lidar, thermal), different onboard maps (bathymet-
ric, magnetic, acoustic), and different mission objectives (survey, mine countermeasures,
environmental monitoring). The fleet must coordinate on a common operational picture:
which zones are safe, which contain threats, and how coverage should be allocated.

Each vehicle constructs a local assessment of its operational area. Vehicles with
overlapping coverage zones exchange assessments and reconcile them pairwise. But the
reconciliations around a cycle of three vehicles—A reconciles with B, B with C, C with
A—may be mutually inconsistent. Vehicle A’s sonar-based “threat” is not the same
concept as C’s thermal-based “threat,” even after both have been reconciled with B’s lidar
assessment. The fleet has a structural coordination failure that no amount of message-
passing within the current communication topology can resolve.

This scenario is drawn from the Navy’s mine countermeasures (MCM) program; see
Riess [4] for the operational context.
Example 1.3 (Cross-jurisdictional data integration). Three financial databases must
be integrated: one following US GAAP, one following IFRS, and one following a local
regulatory reporting standard. Each database has a well-defined schema for “revenue”
within its own framework. Pairwise reconciliation is straightforward: GAAP-to-IFRS
mappings exist, IFRS-to-local mappings exist, and GAAP-to-local mappings exist.

But the three pairwise mappings do not compose consistently. The GAAP-to-IFRS-
to-local path classifies a given transaction differently from the direct GAAP-to-local path.
The discrepancy is not a data error—it is a structural consequence of the three accounting
frameworks having incompatible treatment of the same economic reality (e.g., revenue
recognition timing for long-term contracts).

Global reconciliation requires structural change: a shared audit standard that cre-
ates a genuine three-way overlap (a set of transactions classified identically by all three
frameworks), reducing the problem from a cycle to a contractible topology.

1.3 The question this paper answers
These three scenarios share a common structure:

1. Multiple autonomous agents, each with a locally consistent view of a shared domain.
2. Pairwise overlaps where agents can compare and reconcile their views.
3. A topology of overlaps that may or may not support global consistency.
The question SHEAF answers is:

When can heterogeneous agents achieve structured consensus? When they
cannot, why not—and what is the cheapest structural change that makes con-
sensus possible? And how do you incentivize agents to participate honestly in
answering these questions?

The answer has three parts:
1. A topological diagnostic that computes a single invariant—the first Čech coho-

mology class H1—classifying whether the overlap structure supports global agree-
ment.

2. A resolution mechanism that, when agreement is structurally possible (H1 = 0),
computes the optimal coordinated plan via sheaf Laplacian diffusion.

3. An economic mechanism that, when agreement is structurally impossible (H1 6=
0), runs a market for the minimal architectural changes that restore feasibility.
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Contributions and status. To help the reader distinguish established mathematics
from new contributions and open conjectures, we summarize:

• Established: the obstruction classification by H1 (Theorem 2.10) follows from the
Extension Torsor Lemma proved in the companion SCPI paper [1]. The sheaf Hodge
theorem for vector-space coefficients [20] and the Tarski/Lawvere Laplacians [5, 6]
are prior work. The connection between SHEAF’s non-abelian diagnostic and group
synchronization [22, 23] is a known equivalence, newly framed.

• New (this paper): the distributed H1 diagnostic algorithm (Algorithm 1); the
sheaf correction auction mechanism (Section 3.4) with its three correction types;
the impossibility certificate as an economic signal; the incentive analysis under an
explicit audit condition (Section 4).

• Conjectured / open: the Laplacian–Cohomology Bridge for enriched sheaves
(Conjecture 2.13); the definition of H1 with quantale-enriched coefficients (Re-
mark 2.14); submodularity of H1 reduction beyond the abelian regime (Section 7)—
the abelian case is proven by a matroid rank argument. The resolution phase (Sec-
tion 3.3) depends on the Laplacian Bridge Conjecture for its convergence guarantee
in the enriched setting; for group-valued coefficients the guarantee follows from the
known Hodge theorem.

Closest prior work and differentiation. The use of H1 sheaf cohomology as an
obstruction invariant for multi-agent coordination is emerging independently in several
communities. Kurisummoottil Thomas and Chen [34] prove that H1 6= 0 characterizes ir-
reducible semantic ambiguity in quantum semantic communication, yielding a rate bound
R = log2(dimH1)—an information-theoretic result complementary to SHEAF’s algorith-
mic and mechanism-design contributions. The Ghrist–Riess program [5, 6] has developed
sheaf Laplacians through vector-space, lattice, and quantale-enriched settings, but has
no H1 obstruction theory in the enriched case—the central gap that SHEAF’s Lapla-
cian Bridge Conjecture (Conjecture 2.13) would fill. No prior work addresses economic
mechanisms for resolving sheaf-cohomological obstructions.

SHEAF is not another consensus protocol. It is a diagnostic and market wrapper
around a topological obstruction that other protocols do not name. Classical consensus
(Paxos, Raft, BFT) assumes agents agree on types and differ only on values; SHEAF
addresses the harder problem where agents have different vocabularies, schemas, or on-
tologies. The differentiator is the certificate: when SHEAF reports Nontrivial, it
returns a verifiable cycle certificate identifying the precise topological defect, and when
it reports Trivial, it returns a coboundary witness that agents can independently verify
as a constructive coordination plan. No existing protocol provides either output.

This paper defines a research program rather than closing one. The proven results
cover the abelian and solvable coefficient regimes, where the diagnostic is exact and
the convergence is known. The enriched and non-solvable regimes—which cover the
most practically important applications such as LLM agent coordination—remain open
frontiers. Two load-bearing open problems define the boundary: the Laplacian Bridge
Conjecture (Conjecture 2.13), which links the discrete H1 diagnostic to the continuous
Laplacian resolution, and the M1–M2 extraction problem—computing group-valued tran-
sition maps from agent outputs such as embeddings or structured schemas. On the latter,
we build and validate a sheaf-cohomological diagnostic—Procrustes cocycle→ connection
Laplacian → spectral gap—that tests global gauge equivalence (H1 = 0), a structural
property invisible to pairwise metrics. Deployed on 8 sentence-transformer models, the
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diagnostic reports trivial H1 (SNR ≈ 1.0× versus noise-matched null), establishing that
pairwise alignment methods are sufficient in this regime and providing the first empirical
boundary condition for SHEAF’s deployment (Section 7).

2 The Obstruction

2.1 Overlap topology
Consider n agents, each observing a local domain. Some pairs of agents have shared
observables—data or concepts visible to both. We represent this structure as a graph:

Definition 2.1 (Overlap graph). The overlap graph G = (V,E) has:
• Vertices V = {1, . . . , n}: one per agent.
• Edges E: an edge (i, j) exists iff agents i and j share observables (have a nontrivial

pairwise overlap).

The overlap graph captures which agents can communicate meaningfully (compare
their views). But for consensus, what matters is not just pairwise communication but
higher-order structure: do three agents share a common reference point?

Definition 2.2 (Čech nerve). The Čech nerve N of the agent overlap structure is the
simplicial complex with:

• A vertex i for each agent.
• An edge [i, j] for each pairwise overlap.
• A triangle (2-simplex) [i, j, k] iff agents i, j, k share a common observable—data

visible to all three simultaneously.
• Higher simplices defined analogously.

The key distinction:

• Contractible nerve (tree-like information flow): every cycle of pairwise overlaps
bounds a higher-dimensional simplex. Agreement is always possible.

• Non-contractible nerve (cycles without higher fill): some cycles of pairwise over-
laps have no common reference point. Potential for irreconcilable disagreement.

Example 2.3 (Three agents, no triple overlap). Three agents—Calendar, Email, Slack—
have pairwise overlaps but no triple overlap. The nerve consists of three vertices and
three edges forming a triangle boundary ∂∆2 ∼= S1 (a circle), but the interior is not filled.
This is the simplest non-contractible nerve.

2.2 The consistency check around loops
When two agents with a shared overlap compare their views, one of two things happens:

1. They agree: their local definitions, restricted to the overlap, coincide.
2. They disagree: their definitions differ, but there is a reconciliation map—a well-

defined transformation that converts one agent’s definition into the other’s, re-
stricted to the overlap.

6



Cal

Email Slack

αCE

αES

αCS

no 2-cell
H1 = Z/2Z

add 2-simplex

(Zoom logs)

Cal

Email Slack

∆2

H1 = 0

Figure 1: Left: three agents with pairwise overlaps but no triple overlap. The nerve is
∂∆2 ∼= S1 (a 1-cycle with no filling 2-cell). Right: adding a shared data source (Zoom
logs) creates a triple overlap, filling the triangle with a 2-simplex ∆2. The nerve becomes
contractible and H1 drops from Z/2Z to 0.

Definition 2.4 (Transition map). For each edge (i, j) in the overlap graph, the transition
map αij is the reconciliation: the definable equivalence that transforms agent i’s local
definition into agent j’s on their shared overlap. Formally, αij is an element of the
equivalence group Equiv(Ui∩Uj)—the group of invertible pairwise reconciliation maps on
the shared overlap.

For the simplest non-trivial case—a single binary predicate (“is this a meeting?”
yes/no)—the equivalence group is Z/2Z = {0, 1}: either the two agents agree (αij = 0)
or one agent’s “yes” is the other’s “no” (αij = 1, a flip).
Remark 2.5 (When is Equiv a group?). The H1 diagnostic requires Equiv to carry group
structure (for the coboundary action and torsor classification). This is natural when
reconciliations are invertible: schema isomorphisms, label permutations, rigid symmetries
of a data structure. In many applied settings—fuzzy matching, lossy compression, non-
invertible data transformations—reconciliations form a monoid or preorder, not a group.
The protocol as proved applies to the group and groupoid regimes. Extending to monoid
or quantale-valued coefficients is the subject of the enriched framework (Section 2.5) and
remains open (Section 7).

Scope note: the enterprise LLM orchestration scenario (Example 1.1) may fall in the
monoid regime if the reconciliation between agents’ embedding spaces is non-invertible
(e.g., a projection or lossy alignment). In that case, the full H1 diagnostic does not apply
directly; the enriched framework (Section 2.5) provides graded obstruction measurement,
and the protocol’s guarantees are conditional on Conjecture 2.13. The autonomous swarm
(Example 1.2) and data integration (Example 1.3) scenarios, where reconciliations are
coordinate transforms and schema isomorphisms respectively, fall naturally in the group
regime.
Remark 2.6 (Sheafable interfaces). The SHEAF diagnostic requires algebraic structure
on transition maps. When do agent interfaces provide it? We say an inter-agent com-
munication interface is sheafable if it satisfies four conditions, each corresponding to a
specific algebraic upgrade:

(i) Fixed schema/grammar for inter-agent messages. This ensures transition maps
live in a known group of schema isomorphisms (e.g., field permutations, unit con-
versions) rather than in the space of arbitrary string transformations.
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(ii) Deterministic or low-variance decoding. Transition maps must be stable
across invocations; stochastic decoding (temperature > 0) turns group-valued maps
into Markov-kernel-valued ones, moving the interface out of the group regime.

(iii) Bounded coercions. The monoid of type coercions between schema versions must
be finitely generated, so that the enriched framework (Section 2.5) can assign finite
obstruction costs.

(iv) Local verifiability. Each agent can check the cocycle condition on its own edges
without global coordination, enabling the distributed certificate mechanism of ??.

The engineering prescription: untyped multi-agent coordination—where agents ex-
change free-form natural language with no schema constraints—is structurally undiag-
nosable by certificate-based methods. SHEAF’s demand for algebraic structure at the
interface is itself the engineering contribution: it specifies the minimum type discipline re-
quired for coordination failures to become detectable. This connects directly to emerging
agent interoperability standards (A2A Agent Cards, MCP tool schemas): each sheafabil-
ity condition translates to a concrete requirement on the protocol’s metadata layer.

Now consider three agents arranged in a cycle: i → j → k → i. Each pair has a
transition map. The cocycle condition asks: if we compose the transitions around the
loop, do we get back to where we started?

Definition 2.7 (Cocycle). A cocycle is a collection of transition maps {αij} for each
edge (i, j), satisfying the cocycle condition on every triangle: for any triple (i, j, k) with
a common overlap,

αij + αjk = αik

in the abelian case, or αij · αjk = αik in the non-abelian case.

When there is no triple overlap, the cocycle condition imposes no constraint: any
collection of transition maps is a cocycle. This is the source of the problem.

Definition 2.8 (Coboundary). A coboundary is a cocycle that can be “unwound” by
adjusting each agent’s local definition independently. If each agent i applies a local
adjustment βi ∈ Equiv(Ui) to its definition, the transition maps change:

α′
ij = −βi + αij + βj

in the abelian case, or α′
ij = β−1

i ·αij ·βj in the non-abelian case. A cocycle is a coboundary
if there exist local adjustments {βi} that make all transition maps trivial: α′

ij = 0 for all
(i, j).

The key insight: coboundaries represent “disagreements that each agent can fix on its
own.” A coboundary means the agents don’t actually disagree about reality—they just
labeled things differently, and each can relabel independently to align with the others.

2.3 The invariant
Definition 2.9 (First Čech cohomology H1). The first Čech cohomology H1(N,Equiv)
of the nerve N with coefficients in the equivalence group Equiv is:

H1 =
cocycles

coboundaries
=

{all consistent transition data}
{transition data fixable by local relabeling}

When Equiv is abelian, H1 is a group. When Equiv is non-abelian, H1 is a pointed set
(with distinguished element 0 = the trivial class).
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Theorem 2.10 (Obstruction classification — after SCPI [1]). Let n agents have local
definitions of a concept, with pairwise reconciliation maps {αij} forming a cocycle. Then:

1. If [α] = 0 in H1(N,Equiv), there exist local adjustments {βi} making all agents’
definitions globally consistent. A global consensus is structurally achievable.

2. If [α] 6= 0 in H1(N,Equiv), no local adjustments can make the agents’ definitions
globally consistent. The disagreement is topological: it arises from the structure of
the overlap network, not from the content of any agent’s data. It can be removed
only by changing the network topology (adding overlaps) or changing the equivalence
relation (redefining what counts as agreement).

Proof sketch. The forward direction is the definition of coboundary. The reverse—that
[α] = 0 implies the existence of a global extension—follows from the Extension Torsor
Lemma [1]: for finite overlap graphs (all examples in this paper), the lemma applies
unconditionally. The impossibility direction is immediate: local adjustments change the
cocycle by a coboundary, which cannot change the H1 class.

For the simplest case (Equiv = Z/2Z on a circle nerve):
H1(S1,Z/2Z) = Z/2Z = {0, 1}

There is exactly one nontrivial class. Either the disagreement is fixable ([0]) or it is not
([1]), and a single bit tells you which.

What H1 6= 0 feels like operationally. In a deployed multi-agent system, a nontrivial
H1 manifests as follows. Pairwise reconciliation succeeds: each pair of agents can align
their definitions and produce consistent outputs. But which global answer the system
returns depends on which pair is consulted. Querying agents A and B yields one answer;
querying B and C yields another; querying A and C yields a third. No agent is “wrong”—
each pairwise alignment is internally consistent—but the three pairwise alignments are
mutually incompatible. In logs, this appears as: results that change depending on routing
path; reconciliation loops that converge to different values depending on initialization
order; and dispute-resolution processes that restart indefinitely because each “fix” to one
pair breaks another. The system is stuck, and no amount of retry, re-ranking, or prompt
tuning within the current architecture can unstick it. The obstruction is not in the data;
it is in the topology of the overlap network. SHEAF’s certificate identifies the exact cycle
where the inconsistency lives.

2.4 Worked example: Calendar/Email/Slack
We now demonstrate the full diagnostic on the three-agent scenario from Example 1.1,
using the Calendar/Email/Slack overlap graph from [1].

Setup. Three agents—Calendar (C), Email (E), Slack (S)—each locally define the pred-
icate is_meeting:

• C: a calendar event is a meeting if it has ≥ 2 attendees and a video link.
• E: an email thread is a meeting if it contains scheduling language and an attach-

ment.
• S: a Slack thread is a meeting if it’s in #meetings or contains a Zoom link.

Pairwise overlaps exist (events visible in two systems), but no triple overlap (no single
record in all three). The nerve is ∂∆2 ∼= S1.
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Step 1: Compute transition maps. On each pairwise overlap, compare the two
agents’ definitions:

αCE ∈ Z/2Z : do C and E agree on “is_meeting” for their shared records?
αES ∈ Z/2Z : do E and S agree?
αCS ∈ Z/2Z : do C and S agree?

Each αij is 0 (agree) or 1 (disagree = one agent’s yes is the other’s no).

Step 2: The cocycle. The cocycle is the triple (αCE, αES, αCS) ∈ (Z/2Z)3. Since
there is no triple overlap, the cocycle condition imposes no constraint—any triple is a
valid cocycle.

Step 3: Coboundaries. A coboundary is determined by local adjustments (βC , βE, βS) ∈
(Z/2Z)3:

α′
CE = −βC + αCE + βE, α′

ES = −βE + αES + βS, α′
CS = −βC + αCS + βS.

The coboundary subgroup is generated by the image of the coboundary map δ : (Z/2Z)3 →
(Z/2Z)3:

δ(βC , βE, βS) = (βE − βC , βS − βE, βS − βC)

The image has rank 2 (the third component is the sum of the first two in Z/2Z).

Step 4: Compute H1.

H1 =
(Z/2Z)3

im(δ)
=

(Z/2Z)3

(Z/2Z)2
∼= Z/2Z.

The invariant is the parity of the total disagreement: αCE + αES + αCS (mod 2).

Step 5: Diagnostic.

• Case αCE +αES +αCS = 0: the cocycle is a coboundary. Each agent can indepen-
dently adjust its definition of “is_meeting” to achieve global consistency. SHEAF
proceeds to resolution (run the Laplacian to compute the optimal adjustment).

• Case αCE + αES + αCS = 1: the cocycle represents the nontrivial class in H1.
No local adjustment works. SHEAF proceeds to the topology auction (bid to add
a triple overlap—e.g., Zoom logs visible to all three agents—that fills the triangle
and kills the obstruction).

Step 6: Resolution. Adding Zoom logs as a fourth data source creates a triple overlap:
Zoom recordings are simultaneously visible as calendar events (C), email attachments
(E), and Slack messages (S). The nerve becomes the filled triangle ∆2 (contractible).
H1(∆2,Z/2Z) = 0. The obstruction vanishes. The Laplacian now computes the unique
globally consistent definition of is_meeting.
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2.5 Two levels of failure: topology and approximation
The H1 diagnostic answers a discrete, topological question: is the cocycle class trivial?
Either a global section exists or it does not, and a cohomology class in a pointed set
names the reason. But when the answer is “no,” a second question immediately arises:
how close to a global section can you get?

These are different questions, answered by different mathematics:

1. The H1 question (topological, discrete). Is there a structural obstruction to
the existence of a global section? The answer lives in H1(N,Equiv)—a group
(abelian coefficients) or a pointed set (non-abelian coefficients). The obstruction is
topological: it depends on the nerve N , not on the metric properties of the local
data. Group structure on the coefficients Equiv is essential here—it defines the
coboundary relation that separates resolvable disagreements from irresolvable ones.
No optimization can remove a nontrivial H1 class.

2. The H0 question (analytic, graded). Given local data that may not match on
overlaps, what is the closest global section—or, when none exists, the closest approx-
imation? The answer is an optimization problem: minimize the total disagreement
across all edges, measured in some cost structure. This is the domain of weighted
limits and the sheaf Laplacian [5, 4].

The key insight is that these questions are sequential: H1 determines whether an exact
solution exists; the Laplacian determines what the best (exact or approximate) solution
is. When H1 = 0, the Laplacian converges to a true global section (zero residual). When
H1 6= 0, the Laplacian still converges, but to a best approximation with nonzero residual—
and the magnitude of that residual quantifies the cost of the topological obstruction.
Richer coefficient structures yield quantitative rather than binary diagnostic information:
with Rk-valued stalks on a coordination graph, dimH1 counts the number of independent
composition-failure modes, and each generator identifies a specific direction in which
bilateral checks are blind [2].

The enriched framework. The graded H0 question requires a notion of “cost of
disagreement” richer than Boolean agree/disagree. This is provided by a quantale [15].

Definition 2.11 (Quantale [15]). A quantale (V ,⊗, k) is a complete lattice with a
monoidal product ⊗ distributing over joins. It provides a cost structure for measuring
disagreement:

• Boolean (V = {0, 1}, ⊗ = ∧): agree or disagree. The classical setting.
• Cost (V = [0,∞], ⊗ = +): how expensive is the disagreement?
• Fuzzy (V = [0, 1], ⊗ = min): how confident is the agreement?
• Contracts (V = assume-guarantee lattice, ⊗ = contract composition): what as-

sumptions must weaken for agreement?

Given a quantale V and a cocycle {αij}, the Laplacian residual is the V-valued cost
of the best approximation:

ρ(α) = inf
{βi}

⊗
(i,j)∈E

dV
(
αij, β

−1
i · e · βj

)
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where e is the identity cocycle and dV is the V-enriched distance. This is an optimization
over 0-cochains {βi}—an H0-type computation. It does not “grade H1”; rather, it mea-
sures the cost of the best local adjustment when the H1 obstruction prevents an exact
solution.
Remark 2.12 (Joint contribution with Riess). The enriched framework is developed jointly
with Riess [4], whose SEAMAN project provides the computational machinery: cellular
sheaves on graphs, the sheaf Laplacian, and categorical diffusion algorithms [5, 6]. Riess’s
weighted-limit approach computes the best approximation to a global section (H0 ques-
tion) using quantale-valued sheaves. The SCPI framework computes the topological
obstruction (H1 question) using group-valued cocycles. The central conjecture bridging
the two:

Conjecture 2.13 (Laplacian–Cohomology Bridge). Let F be a V-enriched cellular sheaf
on the nerve N , whose restriction maps are V-isometries with an identifiable group of
automorphisms Equiv at each stalk (this holds when restriction maps are translations,
rigid motions, or schema isomorphisms; it does not hold for general V-functors). Let
{αij} be the transition cocycle in Equiv induced by composing restriction maps on overlaps.
Then the Laplacian residual ρ(α) = k (the monoidal unit, i.e., zero cost) if and only if
[α] = 0 in H1(N,Equiv). Equivalently: the enriched sheaf Laplacian converges to a
nontrivial global section if and only if the discrete topological obstruction vanishes. Note:
this is the group-coefficient Bridge; for lattice-valued sheaves, the Tarski operator’s
fixed-point structure reveals a finer phenomenon—partial obstruction—where consensus
survives on the cocycle’s invariant sublattice even when H1 6= 0 (see Remark 2.18).

Remark 2.14 (Known cases and the enrichment obstacle). For vector-space-valued
sheaves, the conjecture is known: the sheaf Hodge theorem of Hansen and Ghrist [20]
gives ker∆k

∼= Hk for all k, and the spectral gap satisfies λ1(LF) > 0 iff H0 = 0 [21].
Sheaf Laplacian diffusion converges to the orthogonal projection onto H0 [21]. For lattice-
valued sheaves, Ghrist and Riess [5] define the Tarski Laplacian whose fixed points con-
tain global sections, but explicitly note that the quotient construction H1 = ker δ1/ im δ0

does not make sense for lattices, since lattice homomorphisms lack additive inverses.
For quantale-enriched sheaves, the Lawvere Laplacian [6] computes fuzzy H0 but no
higher cohomology. No published work defines H1 for quantale-enriched cellular sheaves
in the Lawvere–Ghrist–Riess framework; this is confirmed as a genuine gap in the litera-
ture.

The central technical obstacle for the enriched Laplacian Bridge Conjecture is there-
fore: how to detect a nontrivial H1 obstruction in a setting where the quotient ker / im is
undefined. Four paths are available:

1. Algebraic: define H1 as a pointed set with quantale-valued metric—analogous to
non-abelian H1, where the group structure on H1 is already absent but the triviality
question remains well-posed. The obstruction cost ρ(α) defined above provides the
metric.

2. Spectral: detect the obstruction via the spectral gap of a degree-1 connection
Laplacian [23], bypassing the quotient entirely: a positive spectral gap would wit-
ness H1 = 0 without computing H1 as a group.

3. Topological (suggested by the tropical test case, Section 2.6): define
H1 6= 0 as the condition that the enriched Laplacian has no finite fixed point—
a topological characterization (non-compactness of the orbit under the Laplacian
endofunctor) rather than an algebraic one (nontrivial quotient). The tropical case
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(Proposition 2.15) confirms this: Bellman-Ford diverges iff H1 6= 0. This path is
potentially the most natural for the enriched setting, since it requires only the Law-
vere Laplacian machinery that Ghrist–Riess have already built, without importing
algebraic constructions (quotients, inverses) that quantales lack.

4. Fixed-point trichotomy (suggested by Riess): When the underlying preorders
of the stalks satisfy the descending chain condition and the restriction maps are
cocontinuous (preserving weighted colimits), the Lawvere Laplacian is guaranteed
to converge—but the bottom element of each stalk is always a global section (the
trivial section, analogous to “every agent reports nothing”). The enriched analog
of H1 6= 0 may therefore not be “no fixed point exists” but rather “the Laplacian
initialized at nontrivial data collapses to the trivial (bottom) section rather than
converging to a nontrivial global section.” In the tropical case, the DCC fails
on R and the frustrated Laplacian diverges entirely (Proposition 2.15); for DCC-
satisfying quantales, collapse to bottom may be the computable enriched diagnostic.
This path reframes the Bridge as a question about the basin of attraction: does
nontrivial initial data reach a nontrivial section, or does it get forced to the trivial
one?

Resolving this obstacle is the key open mathematical problem for the enriched theory.
If the conjecture holds, the two frameworks interlock precisely:
1. H1 provides the binary diagnostic: is exact consensus structurally possible?
2. The Laplacian provides the quantitative resolution: what is the optimal (exact or

approximate) consensus, and what does it cost?
3. When H1 6= 0, the residual ρ(α) > k quantifies the value of a topology edit: the

coordination surplus unlocked by moving from H1 6= 0 to H1 = 0. This residual is
the natural objective function for the topology auction (Section 3.4).

2.6 Evidence for the Laplacian Bridge: the tropical triangle
The Laplacian Bridge Conjecture (Conjecture 2.13) asserts that enriched Laplacian con-
vergence characterizes H1 triviality. We now demonstrate this for the simplest enriched
case: the tropical quantale Q = ([0,∞],≥,+, 0) on the triangle graph. This is the first
concrete evidence for the Bridge in a non-vector-space setting.

Setup. Consider the triangle graph G with vertices V = {A,B,C} and edges E =
{AB,BC,CA}, with no 2-cells. Define a Q-enriched cellular sheaf F with:

• Stalks: F(v) = (R, | · |) for each vertex—the reals as a Lawvere metric space.
• Restriction maps: translations by weights w = (wAB, wBC , wCA). On edge AB:

vertex A restricts as xA 7→ xA, vertex B as xB 7→ xB +wAB. Similarly for the other
edges. These are isometries, hence valid Q-functors.

A global section is (xA, xB, xC) ∈ R3 with xA = xB + wAB, xB = xC + wBC , xC =
xA + wCA. Substituting cyclically:

xA = xA + (wAB + wBC + wCA)︸ ︷︷ ︸
ω

so a global section exists iff the frustration ω = 0. For the constant R-sheaf on the
triangle, H1 ∼= R, with the H1 class being exactly ω.
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The tropical Laplacian is Bellman-Ford. The natural “Laplacian diffusion” in the
tropical semiring (+ replaces ×, min replaces +) is the Bellman-Ford shortest-path re-
laxation. At each step, each vertex updates to the minimum of what each neighbor’s
restriction map projects onto it:

xA ← min(xB + wAB, xC − wCA)

xB ← min(xA − wAB, xC + wBC)

xC ← min(xB − wBC , xA + wCA)

This is precisely Bellman-Ford relaxation on a directed graph with edge weights:
• B → A: weight wAB; A→ B: weight −wAB

• C → B: weight wBC ; B → C: weight −wBC

• A→ C: weight wCA; C → A: weight −wCA

The directed cycle A→ B → C → A has total weight −(wAB + wBC + wCA) = −ω.

Two test cases.

1. Unfrustrated (w = (1, 2,−3), ω = 0). No negative cycle. Bellman-Ford converges
in 3 iterations to the fixed point (0,−1,−3) with residual 0—a global section.

2. Frustrated (w = (1, 2,−1), ω = 2). Negative cycle of weight −2. Bellman-Ford
never reaches a fixed point: values drift to −∞. The L∞ residual (max edge
discrepancy) remains constant at exactly |ω| = 2 at every iteration.

For comparison, the vector-space (L2) Laplacian converges in both cases: to residual
0 when ω = 0, and to residual ω2/3 = 4/3 when ω = 2 (the Hodge-theoretic minimum).

Proposition 2.15 (Bridge for the tropical triangle). For a translation sheaf on a cycle
graph with tropical quantale coefficients, the Bellman-Ford (tropical Laplacian) relaxation
converges to a finite fixed point with zero residual if and only if ω = 0, i.e., if and only if
H1 is trivial.

Proof. Bellman-Ford converges to finite values iff the directed graph has no negative
cycle [37, 38]. The only cycle has weight −ω. The reverse cycle has weight ω. One of
these is negative iff ω 6= 0 iff H1 6= 0.

Remark 2.16 (Idempotency and the residual dichotomy). The tropical quantale is idem-
potent (min is idempotent): a⊕ a = a. This creates a sharp dichotomy absent from the
vector-space case. The L2 Laplacian converges to a finite nonzero residual ω2/3 when
H1 6= 0—there is “approximate agreement.” The tropical Laplacian admits no such mid-
dle ground: either it converges to residual 0 (exact agreement) or it diverges entirely
(no finite fixed point). The idempotent residual stays constant at |ω| throughout the
divergence, quantifying the cost of frustration without ever reducing it.

The vector-space (L2) Laplacian already provides the non-idempotent comparison: its
join is ordinary addition (a ⊕ b = a + b, which is non-idempotent: a + a 6= a), and it
converges to a finite nonzero residual ω2/3 when H1 6= 0. More generally, the minimum Lp

residual for p ∈ [1,∞] is finite for all p (it equals |ω| for p = 1, ω2/3 for p = 2, and |ω|/3 for
p =∞—all nonzero iff ω 6= 0). The tropical case is the “p = −∞ limit”: the idempotent
extreme where no finite residual exists. The hierarchy L1 → L2 → L∞ → tropical traces
a smooth transition from “distribute the frustration across edges” to “frustration cannot
be distributed at all.”
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Consequence for the protocol: in the tropical regime, the Laplacian does not pro-
vide graceful degradation when H1 6= 0—there is no finite “best approximation” to return.
The diagnostic detects the obstruction, but the resolution phase has no approximate out-
put. Approximate consensus when H1 6= 0 is therefore quantale-dependent: available for
non-idempotent enrichments (vector-space, cost), unavailable for idempotent ones (trop-
ical, Boolean). The idempotency of the quantale thus determines whether the protocol
can offer a useful partial answer or only a binary verdict.
Remark 2.17 (Scope and limitations of the tropical test case). Proposition 2.15 estab-
lishes the Bridge for the simplest enriched case. Three limitations constrain how far this
evidence generalizes:

1. The tropical quantale is the easiest enriched case. Bellman-Ford works
because ([0,∞],≥) is a total order and path relaxation is monotone. Most quantales
of practical interest—the contract quantale, fuzzy logic, assume-guarantee lattices—
are partially ordered, and the Lawvere Laplacian over them does not reduce to a
known algorithm. The general Laplacian Bridge Conjecture requires a fixed-point
theorem for enriched Laplacians over partially ordered quantales, which is a harder
problem. The tropical case provides evidence and mechanistic intuition, not a proof
template.

2. The triangle graph has only one independent cycle. On three nodes, H1 ∼=
R is generated by the single frustration ω. We have verified the Bridge on the
figure-eight graph (two triangles sharing a vertex, dimH1 = 2): Bellman-Ford
diverges on exactly the frustrated cycles and converges on the unfrustrated ones,
independently. Across all four cases (both unfrustrated, left only, right only, both
frustrated), the Bridge holds and detection is local—each cycle’s obstruction is
detected independently through the shared vertex, and independent frustrations
do not cancel. This addresses the single-cycle limitation, though the stalks remain
one-dimensional.

3. The stalks are one-dimensional. With F(v) = R and translation restriction
maps, the sheaf is the simplest possible. Higher-dimensional stalks (multiple co-
ordinated quantities per agent) and non-isometric restriction maps would test the
Bridge under more realistic conditions.

2.7 Evidence for the Laplacian Bridge: Boolean lattice sheaves
To test the Laplacian Bridge Conjecture in the lattice setting—where Riess’s fixed-
point trichotomy (Remark 2.14, path 4) predicts qualitatively different behavior from
the tropical case—we run the Tarski-style meet operator on cellular sheaves with stalks
2[2] = {∅, {a}, {b}, {a, b}} (Boolean lattice, 4 elements) and S2-automorphism restriction
maps (identity or atom-swap a↔ b). On the triangle and figure-eight graphs, exhaustive
enumeration over all 43 = 64 (resp. 45 = 1024) states confirms: nontrivial Tarski fixed
points—those strictly between ⊥ and >—exist if and only if H1 = 0, across all cocy-
cle configurations. In the frustrated case (H1 6= 0), the iteration from nontrivial initial
data either oscillates (period-2 cycles between atom-swapped states) or collapses to ⊥,
rather than diverging as in the tropical case. This extends the idempotency dichotomy
of Remark 2.16 to a behavioral trichotomy (Figure 2): vector-space Laplacians de-
grade gracefully (finite nonzero residual), tropical Laplacians diverge, and lattice Tarski
operators oscillate or collapse.
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Figure 2: The behavioral trichotomy under frustration (H1 6= 0), all on the triangle graph
with ω = 2. Data from actual simulation (script: simulations/trichotomy_data.py).
Left: the L2 sheaf Laplacian (η = 0.15) converges to a nonzero RMS residual

√
ω2/3 ≈

0.667—approximate consensus is available. Center: Bellman-Ford (tropical Laplacian)
with weights (1, 2,−1); all three vertex values diverge to −∞, no finite fixed point
exists. Right: the Tarski operator on 2[2] with S2 cocycle (swap, swap, swap); from
({a}, {a}, {a}) the operator oscillates with period 2 between atom-swapped states; from
({a, b}, {a}, {b}) it collapses to ⊥ in 2 steps. The enrichment quantale determines whether
the protocol offers a useful partial answer or only a binary verdict.

Remark 2.18 (Partial obstruction on richer lattices). For richer lattices, the picture is
more subtle. On 2[3] (8-element Boolean lattice) with S3-automorphism restriction maps,
a frustrated cocycle whose permutation has non-extreme fixed points (e.g., the transposi-
tion (ab) fixes {c} and {a, b} in the lattice) admits nontrivial global sections on the fixed
sublattice Lσ = {x ∈ L : σ(x) = x}, even though H1 6= 0. The group-coefficient Bridge
(nontrivial Tarski fixed point iff H1 = 0) holds when the cocycle permutation acts freely on
non-extreme lattice elements (as it does for S2 on 2[2] and for any transitive permutation
on 2[k]), but not when the cocycle leaves a nontrivial sublattice invariant. This reveals a
phenomenon absent in the group-valued theory: partial obstruction, where H1 6= 0 blocks
full-information agreement but the frustration-invariant sublattice Lσ still permits resid-
ual consensus. The Tarski operator does not merely detect whether consensus exists—it
computes the maximal sublattice on which consensus survives. The refined lattice Bridge
may therefore be: the Tarski operator converges to a fixed point in Lσ, nontrivial when-
ever Lσ itself is nontrivial. Characterizing Lσ for finite distributive lattices (which cover
the assume-guarantee contracts in SEAMAN [4]) requires understanding join-irreducibles
under the cocycle’s automorphism, and warrants joint investigation with the Ghrist–Riess
program.

3 The Protocol
The SHEAF protocol operates in three phases. Phase 1 (Registration and Diagnostic)
runs unconditionally. Phase 2 (Resolution) runs when the diagnostic is favorable. Phase 3
(Topology Auction) runs when the diagnostic reveals structural impossibility. Figure 3
shows the full protocol loop.
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commit states, bonds
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Algorithm 1: compute H1

H1 = 0 ?

Resolution
Laplacian diffusion

Global section
consensus achieved

Topology Auction
bid on corrections

Bid clears ?

Impossibility
certificate issued
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no
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Figure 3: The SHEAF protocol loop. After registration, the H1 diagnostic determines
the protocol path. If H1 = 0, the Laplacian resolves to a global section. If H1 6= 0, the
topology auction prices corrections; a successful correction re-triggers the diagnostic. If
no economically rational correction exists, an impossibility certificate is issued.

3.1 Phase 1: Registration
Each agent i publishes three items to a shared bulletin board (which may be a blockchain,
a distributed log, or any append-only broadcast channel):

1. State commitment: a cryptographic hash hi = H(σi) of its local state σi. The
raw state stays local; only the commitment is published.

2. Restriction maps: for each neighbor j in the overlap graph, agent i publishes its
restriction map ρi→ij : σi → σi|Ui∩Uj

—how its local view projects onto the shared
overlap. This reveals the structure of the local view (which variables are shared)
but not the content (what values those variables take).

3. Bond: a deposit bi denominated in the settlement asset. The bond is locked for
the duration of the protocol and is released upon successful completion or slashed
upon detected dishonesty.

Remark 3.1 (Privacy). Only restriction maps and commitments are published; raw data
stays local. The protocol reveals the topology of each agent’s knowledge (what it knows
about, not what it knows). For applications requiring stronger privacy, the state com-
mitment can be replaced by a zero-knowledge proof of membership in a committed state
set, and the restriction maps can be computed via secure multi-party computation (see
Section 7).
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3.2 Phase 2: Distributed diagnostic
Each pair of communicating agents (i, j) locally computes their transition map αij ∈
Equiv(Ui ∩ Uj) by comparing their restrictions to the shared overlap. The diagnostic
then determines whether the resulting cocycle {αij} represents the trivial class in H1.

Algorithm 1 Distributed H1 Diagnostic (Abelian Case)
Require: Overlap graph G = (V,E); transition maps αij ∈ Equiv(Ui∩Uj) for each edge
Ensure: H1 class: Trivial (with witness {βi}) or Nontrivial (with certificate)

1: Choose spanning tree T ⊆ E
2: Set βroot = 0
3: for each vertex i in BFS order from root along T do
4: βi ← βparent(i) + αparent(i),i ▷ Propagate along tree
5: end for
6: for each non-tree edge (i, j) ∈ E \ T do
7: rij ← −βi + αij + βj ▷ Residual on back-edge
8: if rij 6= 0 then
9: return Nontrivial with certificate: cycle through T from i to j plus edge

(i, j)
10: end if
11: end for
12: return Trivial with witness {βi}

Complexity. The algorithm requires O(|V |) messages along the spanning tree and
O(|E| − |V | + 1) checks on back-edges. Total communication: O(|E|) messages, each of
size O(log |Equiv|) bits. The number of communication rounds is O(diam(G)).1

Disconnected overlap graphs. When the overlap graph G has connected compo-
nents G1, . . . , Gc, Algorithm 1 runs independently on each component using a span-
ning forest (one tree per component). The cohomology decomposes as H1(G,Equiv) ∼=⊕c

k=1 H
1(Gk,Equiv), so the global diagnostic is Trivial iff every component diagnostic

is Trivial. Agents in distinct components have no overlaps and thus no coordination
requirement; the protocol correctly treats them as independent subproblems.
Remark 3.2 (Connection to LDPC decoding). For abelian Equiv = Z/pZ, the H1 com-
putation reduces to solving a linear system over GF(p). This is structurally identical to
LDPC decoding [26]: the parity-check matrix is the coboundary operator δ0, and belief
propagation over GF(p) provides a well-characterized distributed solver. On tree-like
overlap graphs: exact convergence in O(diam(G)) rounds with O(p · |E|) total commu-
nication. On loopy graphs: convergence is not guaranteed but performs well when the
graph is locally tree-like. Algorithm 1 can be viewed as a deterministic variant of this
approach using a spanning tree to avoid loops.

Non-abelian case: group synchronization. When Equiv is non-abelian, the cobound-
ary equation α′

ij = β−1
i ·αij ·βj does not decompose linearly. This is precisely the group syn-

chronization problem—a well-studied problem in signal processing and robotics [22, 23, 24].
1The spanning-tree requirement is load-bearing: formal verification confirmed that completeness is

false without it and true with it. See the Formal Verification paragraph in Section 6.
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Given noisy pairwise measurements gij ∈ G of relative group elements, recover absolute
elements βi ∈ G minimizing frustration.

SHEAF frames group synchronization cohomologically: the measurements {gij} are
a cocycle, the solution {βi} is a coboundary trivializing it, and the frustration is the H1

class. Existing algorithms apply directly:
• Spectral methods for compact groups (angular synchronization [22]): polynomial

time.
• Connection Laplacian with Cheeger-type bounds relating spectral gap to frustra-

tion [23].
• Cycle-edge message passing for robust synchronization [24]: directly implementable

in SHEAF’s distributed setting.
By Bulatov’s CSP dichotomy theorem [25], exact synchronization is polynomial for abelian,
nilpotent, and solvable groups, and NP-complete for non-solvable groups. However, ap-
proximate synchronization (minimizing frustration) is polynomial for all compact groups
via spectral/SDP methods. The diagnostic guarantees therefore depend on the coefficient
regime:

• Abelian / solvable Equiv: Algorithm 1 computes H1 exactly in O(|E|) messages.
The diagnostic is exact.

• Compact non-solvable Equiv: Spectral/SDP methods detect obstruction with
high probability when the frustration exceeds a threshold depending on the spectral
gap [23]. The diagnostic is three-valued: it returns Trivial (with coboundary
witness {βi}), Nontrivial (with cycle certificate), or Inconclusive (frustration
is below the detection threshold). The Trivial and Nontrivial outputs are
sound; Inconclusive routes to the auction as “obstruction suspected.”

• General finite non-solvable Equiv: Exact computation of H1 = 0 is NP-
complete. SHEAF falls back to the spectral heuristic, with the same three-valued
output.

3.3 Phase 3: Resolution (H1 = 0)
When the diagnostic returns Trivial, a global consensus is structurally achievable. The
witness {βi} from Algorithm 1 tells each agent how to adjust its local definition. But the
raw adjustment may not be optimal—it depends on the choice of spanning tree.

The enriched sheaf Laplacian [4, 5, 6] provides the optimal adjustment. Each agent
treats its local assignment as an initial condition and iteratively diffuses toward consis-
tency. For vector-space coefficients, the iteration takes the familiar gradient form:

σ
(t+1)
i = σ

(t)
i − η

∑
j∼i

wij · dV(ρi→ij(σ
(t)
i ), ρj→ij(σ

(t)
j )) (1)

where wij is the edge weight (communication quality), dV is the quantale-valued dis-
tance, and η is the step size. For lattice and quantale-enriched coefficients, the actual oper-
ator is the categorical diffusion endofunctor of Ghrist–Riess [6], which computes weighted
limits in a V-category—not a scalar gradient descent. Equation (1) is the vector-space
specialization; the convergence results below cite the correct operator for each regime.

Theorem 3.3 (Convergence — known and conditional cases). Suppose H1 = 0.
1. Vector-space coefficients (known [20, 21]): the iteration (1) converges to a

global section {σ∗
i } consistent on all overlaps. The convergence rate is determined

by the spectral gap of the sheaf Laplacian.
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2. Lattice-valued coefficients (known [5]): the Tarski Laplacian converges to a
fixed point containing a global section, by the Tarski fixed point theorem. Caveat
(Riess): when restriction maps are cocontinuous, the bottom element of each stalk
is always a global section; convergence to this trivial section is guaranteed but un-
informative. The convergence guarantee therefore says the Laplacian reaches some
section—whether it reaches a nontrivial one depends on the initial data and the
obstruction structure (see Remark 2.14, path 4).

3. Quantale-enriched coefficients (conditional on Conjecture 2.13): if the Lapla-
cian Bridge Conjecture holds, the Lawvere Laplacian [6] converges to a nontrivial
global section when one exists. For quantales satisfying the descending chain condi-
tion, convergence to some fixed point is guaranteed, but it may be the trivial (bottom)
section. This case is open.

The output of Phase 3 is a coordinated plan verifiable by each agent locally: agent
i can check that its adjusted local state σ∗

i , restricted to each overlap, agrees with its
neighbor’s adjusted state.

3.4 Phase 4: Sheaf correction auction (H1 6= 0)
When the diagnostic returns Nontrivial, no local adjustments can achieve consensus.
The obstruction is structural—but it is not necessarily the topology alone. The No-Go
Corollary [1] identifies three independent degrees of freedom for removing a nontrivial H1

class, corresponding to three types of sheaf correction:
1. Nerve correction (change the topology). Add higher simplices—triangles, tetrahedra—

that fill existing cycles in the nerve. Deploy a shared data source, open a joint com-
munication channel, or share a dataset visible to three or more agents simultane-
ously. Example: Zoom logs create a triple overlap filling the Calendar/Email/Slack
triangle (Figure 1).

2. Coefficient correction (change what counts as agreement). Relax the equivalence
relation Equiv: replace exact match with approximate match, or weaken the assume-
guarantee contracts [4]. Example: accept a fuzzy match within a tolerance threshold
rather than requiring “is_meeting” be identical across systems.

3. Restriction correction (change how local views project onto overlaps). Redefine
which local data is compared on shared overlaps. Example: instead of comparing
all shared records, restrict comparison to records above a confidence threshold,
removing the noisy records that cause spurious disagreements.

Remark 3.4 (H1 monotonicity under edge addition). A subtlety constrains which nerve
corrections are effective. On a graph (1-dimensional cell complex) with any cellular sheaf
F , adding edges can never decrease dimH1—it can only increase or preserve it. The
reason is direct: H1 = C1/ im(δ0), so dimH1 = dimC1 − rank(δ0). Adding an edge e
with stalk F(e) of dimension d increases dimC1 by exactly d and rank(δ0) by at most d,
so dimH1 cannot decrease. Topologically: new edges create new cycles, which can only
add to H1.

Therefore, effective nerve corrections for H1 reduction are 2-cell additions: filling an
existing cycle with a triangle (or higher simplex) introduces an im(δ1) component that
can kill the corresponding H1 class. This is precisely what the Zoom-logs correction in
Figure 1 achieves—it fills the Calendar–Email–Slack cycle with a 2-simplex, collapsing
H1 from Z/2Z to 0. The auction prices 2-cell additions (joint consistency assertions), not
mere edge additions (new pairwise channels).
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Formal verification. The monotonicity inequality and the corollary (if H1(G) 6= 0
then H1(G + e) 6= 0) have been formally verified in Lean 4 (see Section 6 for scope and
methodology).

SHEAF creates a market for all three correction types.

Step 1: Enumerate candidate sheaf corrections. The candidate set is generated
from three sources, each bounded in size:

• Nerve candidates: Compute a cycle basis for the first homology H1(G;Z) of the
underlying graph (at most β1 = |E| − |V | + c independent 1-cycles, where c is the
number of connected components). For abelian coefficients, each such topological
cycle can carry an independent H1 obstruction: H1(G,Equiv) ∼= Equivβ1 by the
universal coefficient theorem, so a H1-cycle basis generates H1. For each cycle,
identify all potential 2-simplices that could fill it—i.e., triples of agents on the cycle
that could plausibly share a joint observable. This produces at most O(|E| · ∆)
candidates, where ∆ is the maximum degree. Edge additions alone cannot help
(Remark 3.4).

• Coefficient candidates: For each edge carrying a nontrivial cocycle contribution,
enumerate relaxations of Equiv along a lattice of contract strengths (e.g., exact →
fuzzy-ϵ → type-match-only). The lattice is finite and application-specific.

• Restriction candidates: For each edge, enumerate restriction-map adjustments
(e.g., drop fields, raise confidence thresholds) that change the cocycle data on that
edge.

The candidate generator is greedy: rank candidates by marginal H1 reduction (for nerve
corrections: does filling this cycle kill a basis element?) and prune to the top K can-
didates within a computational budget. Finding the globally optimal correction set is
plausibly NP-hard (it resembles minimum fill-in); in the abelian regime, the greedy ap-
proach inherits an O(1)-approximation from submodularity of the 2-cell matroid rank
(Section 7).

Step 2: Cost assessment. Each correction has a real-world cost that depends on
its type: deploying a sensor (nerve), relaxing a contractual requirement (coefficient), or
re-engineering a data pipeline (restriction). Each agent privately assesses the cost of
corrections it could provide.

Step 3: Sealed-bid second-price auction. Agents submit sealed bids for the sheaf
corrections they can provide. Corrections of different types compete directly: a nerve
edit and a coefficient relaxation that both kill H1 are substitutes. When a single correc-
tion suffices, the mechanism is a second-price (Vickrey) reverse auction: the lowest-cost
provider wins but pays the second-lowest bid, ensuring truthful bidding is a dominant
strategy [12].

For combinatorial interactions (where multiple corrections interact—a nerve edit may
make a coefficient relaxation unnecessary), the natural mechanism is VCG [13, 14], pricing
each correction at its marginal contribution to killing the obstruction. The setting—
procuring corrections with private costs under a coordination-value budget—falls within
Singer’s budget-feasible mechanism design framework [27].

For nerve corrections specifically, the relevant objective is H1 reduction via 2-cell
addition. In the abelian coefficient regime (where the coboundary is a linear map over
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a field), adding a 2-cell σ introduces a column in the δ1 map; the resulting H1 reduc-
tion is submodular by a standard matroid rank argument (the columns of δ1 form a
linear matroid, and rank is submodular in the column set). Singer’s budget-feasible
mechanism [27] then applies, giving O(1)-approximation guarantees for the procurement
auction. An alternative formulation targets H0 reduction via edge addition: the function
f0(S) = rank(δ0G+S)− rank(δ0G) is non-negative, monotone, and submodular by the same
argument. Whether submodularity extends to non-abelian or enriched coefficient regimes
remains open (Section 7).
Remark 3.5 (Approximate allocation and truthfulness). Standard VCG guarantees dominant-
strategy truthfulness only when the allocation algorithm computes the exact optimum.
Since Step 1 uses a greedy candidate generator (bounded to top-K candidates), the allo-
cation is approximate, and exact VCG truthfulness does not hold. Two mitigations apply.
First, for single-correction procurement (one correction needed to kill H1), the mecha-
nism reduces to a second-price reverse auction, truthful regardless of how candidates were
generated—the approximation affects only which corrections are considered, not the win-
ner’s pricing. Second, for multi-correction procurement, Singer’s budget-feasible mech-
anism [27] provides truthful-in-expectation guarantees for submodular objectives with
O(1)-approximation, even under greedy allocation. The paper’s incentive claims should
be read accordingly: exact dominant-strategy truthfulness in the single-correction case;
truthful-in-expectation with constant-factor welfare loss in the combinatorial case.
Remark 3.6 (Known value, private cost). SHEAF’s auction has an unusual structure in
mechanism design: the value of each correction (H1 reduction, hence Laplacian residual
reduction) is participant-computable from committed data (and third-party computable
in privacy-light mode), while only the provision cost is private. This collapses to a
single-parameter mechanism [28]: set reserve price equal to coordination value minus
virtual cost markup; run second-price reverse auction. No winner’s curse arises because
value is verifiable by all participants. To our knowledge, no existing paper treats this
“participant-verifiable common value + private cost” setting as a distinct paradigm; the
formal treatment may be of independent interest in mechanism design.

Step 4: Execution and verification. The auction winner posts an additional bond
bedit and implements the claimed correction. The network re-runs the diagnostic (Algo-
rithm 1) on the corrected sheaf. If H1 = 0 after the correction, the bond is released and
the protocol proceeds to Phase 3 (Resolution). If H1 6= 0 (the correction was ineffective
or fraudulent), the bond is slashed and redistributed to the other agents. The verification
criterion is uniform across correction types: H1 = 0 on the corrected sheaf, confirmable
by any participant.

3.5 Phase 5: Impossibility certificate
If no bid clears in the sheaf correction auction (no agent is willing to provide any
correction—nerve, coefficient, or restriction—at an economically rational price), SHEAF
issues an impossibility certificate: a cryptographic proof that:

1. The current sheaf has H1 6= 0 (with the specific nontrivial class identified).
2. No sheaf correction was available at a cost below the computed value of coordina-

tion.
3. Coordination is structurally impossible at any economically rational price given

current agent capabilities and willingness to modify their agreements.
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In privacy-light mode (transition maps posted to the bulletin board), the certificate
is verifiable by any third party; in participant-only mode, it is verifiable by any protocol
participant with access to committed overlap data. In either case, the H1 computation
is deterministic from the available data. Agents proceed independently. No resources are
wasted on further iteration.
Remark 3.7 (The certificate as economic signal). The impossibility certificate is not
merely a failure mode. It is an economic signal: it identifies the specific sheaf deficiency—
missing topology, overly rigid equivalence, or misaligned restrictions—whose correction
has the highest coordination value. Entrepreneurs, platform providers, or infrastruc-
ture builders can read the certificate as a demand signal. The certificate decomposes
the obstruction by correction type, quantifying the value of each (the Laplacian resid-
ual reduction that would be unlocked), creating a transparent market for coordination
infrastructure.
Remark 3.8 (Threat model). We briefly characterize what SHEAF assumes honest, what
can be adversarial, and what is verifiable.

Honest registration. Each agent i truthfully reports its overlap set Ui ∩ Uj and com-
putes the transition map αij faithfully from its local restriction maps. A malicious agent
could fabricate an overlap (claiming shared data that does not exist) or submit a fraud-
ulent transition map.

Detectable dishonesty. Because the cocycle condition is locally verifiable on cycles—
each triangle (i, j, k) can be independently checked by any participant on all three edges—
fabricated transition maps create inconsistencies with honest neighbors’ data. The audit
triangulation mechanism (Definition 4.3) exploits this: a random probe of a triple in-
volving the suspected agent produces a cycle residual that is nonzero with probability
proportional to the fraction of falsified data. The slashing bond ensures that detected
fabrication costs the deviator at least the coordination value it could have captured.

Undetectable misbehavior. An agent can (a) refuse to participate (withhold overlap
data), which reduces nerve connectivity and may prevent H1 = 0 even when agreement is
structurally possible—a form of strategic withholding. The impossibility certificate then
correctly identifies the missing topology. (b) Collude with neighbors: if agents i and j
jointly falsify αij, no third-party audit of the (i, j) edge alone detects the fraud. However,
any cycle (i, j, k) with an honest agent k reveals the fabrication through a nonzero cycle
residual. Collusion-resistant guarantees therefore hold whenever the honest subgraph of
the nerve is cycle-connected. For random graphs with n agents and edge probability p,
the probability that a coalition of size c � n controls all edges on every cycle through
a given edge is exponentially small in graph density. Dense overlap graphs are therefore
more robust; this provides an additional reason (beyond H1 reduction) to incentivize
overlap creation.

Verifiable certificates. Both the cycle certificate (when H1 6= 0) and the coboundary
witness (when H1 = 0) are publicly verifiable from committed data. The diagnostic is
deterministic: any participant can recompute it from the bulletin board.

Assumed infrastructure. The bulletin board (or commit-reveal ledger) is assumed
tamper-proof: once posted, transition maps cannot be retroactively altered. This is the
standard assumption for blockchain-backed commit-reveal protocols and can be relaxed
with ZK proofs at additional cost (Section 7).
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4 Incentive Analysis
The incentive results in this section hold under the following assumptions:

• Quasi-linear utilities. Each agent’s payoff is the value of coordination minus
costs (bond, provision, audit) minus any slash penalty. No externalities across
agents beyond those mediated by the coordination outcome.

• Participant verifiability. The H1 diagnostic is deterministic from the committed
transition maps {αij}. Any protocol participant (an agent on an overlap edge) can
verify the cocycle data on its own edges and check the global diagnostic output.
Full third-party verifiability (e.g., on-chain verification) requires that the transition
maps be published to a bulletin board or verified via ZK proofs—the former is the
default (privacy-light) mode; the latter is an open extension (Section 7). The “pub-
licly computable value” of the auction refers to the value being computable by all
participants from committed data, not necessarily by arbitrary external observers.

• Private costs. The cost of providing a sheaf correction is private to the provider.
The value of the correction (H1 reduction) is public.

• Audit probes are exogenous. Audit triangulation (Definition 4.3) is provided
by the protocol infrastructure, not by the agents being audited. In practice this
requires either a trusted coordinator, a randomized protocol-level mechanism, or a
pre-committed audit schedule.

• Privacy posture (privacy-light mode). In the default mode, each agent pub-
lishes its transition maps {αij} (the “how my view reconciles with yours” data)
to a shared bulletin board. The local state σi and restriction maps ρi→ij remain
local; only the composed transitions αij = ρ−1

j→ij ◦ ρi→ij are revealed. This exposes
structural relationships (which concepts map to which) but not raw content. A ZK
extension would prove the statement “I committed to a transition map, and the
resulting cocycle product around this cycle is [α]” without revealing αij itself; the
ZK statement is algebraic (group product equals a committed value) and amenable
to standard SNARK constructions over Z/pZ (Section 7).

4.1 Honest reporting
Agents may be tempted to misreport their local views or transition maps—for example,
to bias the consensus toward a preferred outcome. SHEAF detects misreporting through
the cocycle structure, but the detection power depends on the topology of the network—
creating a circularity that must be explicitly addressed.

Proposition 4.1 (Dishonesty detection). Let agent i misreport its transition map on
edge (i, j): it claims α̃ij 6= αij. If i participates in any triangle (i, j, k) with an effective
triple overlap, the cocycle condition αij ·αjk = αik will be violated on the triangle involving
the corrupted edge. The inconsistent edge is identifiable (up to the triangle ambiguity: the
violation localizes dishonesty to one of the three edges of the failing triangle).

Proof. If agent i reports α̃ij but agents j and k report honestly, then on the triangle
(i, j, k):

α̃ij · αjk 6= αik = αij · αjk

since α̃ij 6= αij. The verification is performed by any agent with access to the triple
overlap data.
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Remark 4.2 (The incentive circularity). Proposition 4.1 requires triangles for detection,
but H1 6= 0 occurs precisely when triangles are missing—the regime where SHEAF is
most needed. In the absence of effective triple overlaps, pdetect ≈ 0 and the bond-slash
incentive breaks down. This is a genuine circularity, not an oversight: it reflects the fact
that the same topological deficiency that prevents consensus also prevents verification.

SHEAF addresses this through an audit condition: before the diagnostic runs, the
protocol creates a sparse set of synthetic triple overlaps for verification purposes.
Definition 4.3 (Audit triangulation). An audit triangulation of the overlap graph G is
a set of audit probes—lightweight shared test items (synthetic records, challenge tasks,
escrowed data samples) injected into selected triples of agents to create verifiable triple
overlaps. The audit triangulation satisfies the covering condition if every edge in G
participates in at least one audit triangle. The cost of the audit is the number of probes
times the per-probe cost; the covering condition requires at most O(|E|) probes.
Corollary 4.4 (Incentive compatibility under audit). Suppose the overlap graph is equipped
with an audit triangulation satisfying the covering condition. Under a bond-slash mecha-
nism with positive slash rate s > 0, honest reporting is a dominant strategy for every agent.
The expected payoff from dishonesty is vbias− s · bi · pdetect, where pdetect ≥ 1− (1− ϵ)di for
an agent with di audit triangles and per-audit detection probability ϵ. Under the covering
condition, di ≥ 1 for all agents. For bi > vbias/(s · ϵ), honest reporting dominates.

The audit triangulation is not the same as the effective triple overlaps whose absence
causes H1 6= 0. Audit probes are synthetic, lightweight, and designed for verification;
they do not create the substantive shared observables needed to fill the nerve and kill
H1. The audit layer provides incentive integrity; the sheaf correction auction provides
topological repair. These are complementary, not redundant.
Remark 4.5 (Settlement infrastructure). The bond-slash lifecycle (deposit → lock →
release/slash) requires a settlement layer where bonds are truly at risk and slashing
is automatable. The H1 diagnostic is deterministic and verifiable, making automated
slashing feasible on programmable blockchains with smart contract capabilities. The
protocol is settlement-layer agnostic; the choice depends on the application’s security
model and throughput requirements.

4.2 Sheaf correction provision
The auction incentivizes honest provision across all correction types:
Proposition 4.6 (Correction provision incentive compatibility). The provider’s bond
bedit is released iff the post-correction diagnostic confirms H1 = 0 on the corrected sheaf.
Fraud—claiming a correction that does not actually kill the obstruction—is detected by
the diagnostic (the re-computed H1 will remain nontrivial). The verification criterion
is the same regardless of correction type: H1 = 0. Truthful cost reporting follows from
the second-price reverse auction (single-correction case) or the budget-feasible mechanism
(combinatorial case; see Remark 3.5). Honest provision is incentive-compatible for any
positive slash coefficient.

4.3 Sheaf corrections as economic assets
A sheaf correction that reduces H1 has computable value: the reduction in the Laplacian
residual ρ(α) (Section 2.5)—the gap between the best approximate agreement under the

25



current sheaf and exact agreement under the corrected sheaf. This creates a market for co-
ordination infrastructure—shared data sources, relaxed contract standards, re-engineered
data pipelines:

• The rent on coordination infrastructure is transparent: the sheaf, the nerve, and
H1 are observable by all participants (and by third parties in privacy-light mode),
so the value of any specific correction can be independently computed.

• The rent is contestable: corrections of different types compete. A costly nerve edit
can be undercut by a cheap coefficient relaxation if both kill H1.

• The price discovery is incentive-compatible: in the single-correction case, the second-
price reverse auction ensures truthful bidding; in the combinatorial case, the budget-
feasible mechanism provides truthful-in-expectation pricing (Remark 3.5).

4.4 Settlement infrastructure
SHEAF requires a settlement layer for bonds, slash payments, and auction clearing. The
protocol is settlement-layer agnostic, but the design is informed by two principles:

1. Enforceable liability: the settlement asset must be one where bonds are truly at
risk—not redeemable through regulatory arbitrage or platform capture.

2. Autonomous actuation: the settlement layer must be able to execute slashing
without requiring human adjudication. The H1 diagnostic is deterministic and
verifiable, making automated slashing feasible.

The natural candidates are programmable blockchains with smart contract capabili-
ties, where the H1 computation can be verified on-chain and bond operations are atomic.
Bitcoin with covenant extensions, Ethereum, or purpose-built settlement layers are all
compatible; the choice depends on the application’s security model and throughput re-
quirements.

5 Properties and Guarantees
Theorem 5.1 (No false trivial). If the agents’ local views are globally incompatible (no
global consensus exists), SHEAF never outputs Trivial. Specifically: in the abelian
and solvable regimes, SHEAF outputs Nontrivial (with a verifiable cycle certificate).
In non-solvable regimes, SHEAF outputs either Nontrivial or Inconclusive—never
Trivial.

Proof sketch. By the Extension Torsor Lemma [1], global compatibility is equivalent to
H1 = 0. The substantive claim is that Algorithm 1 never produces a false coboundary
witness. In the abelian/solvable case: the spanning-tree propagation (lines 3–6) con-
structs the unique candidate coboundary {βi} consistent with the tree edges—there is no
choice once the root is fixed. The back-edge checks (lines 7–11) then verify whether this
candidate trivializes the cocycle on every edge. If any back-edge residual rij 6= 0, the al-
gorithm correctly reports Nontrivial. If all residuals vanish, the candidate is a genuine
coboundary and the output Trivial is correct. Crucially, there is no path through Algo-
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rithm 1 that outputs Trivial without having verified rij = 0 on all non-tree edges.2 In
the non-solvable case: the spectral heuristic may fail to certify non-triviality (producing
Inconclusive), but it never produces a false coboundary witness—any claimed witness
is verified against all edges before the output is issued.

Theorem 5.2 (Soundness). If SHEAF reports Nontrivial (with cycle certificate), the
incompatibility is genuine: no local adjustments within the current topology can achieve
consensus. If SHEAF reports Trivial (with coboundary witness), the witness is correct:
the adjustments {βi} do achieve consistency.

Proof sketch. The Nontrivial certificate is a non-bounding cocycle, verifiable by check-
ing the cycle product: if

∑
i α(ei) 6= 0 around a directed cycle, then α cannot be a

coboundary (since coboundaries telescope to zero around any cycle). By the No-Go Corol-
lary [1]: local adjustments change the cocycle by a coboundary, which cannot change a
non-trivial H1 class. The Trivial witness is verified by checking α′

ij = 0 for all edges
after adjustment. The Inconclusive output carries no soundness claim—it signals that
the heuristic could not determine the answer within the computational budget. Both the
cycle-certificate soundness and the no-false-trivial property have been formally verified
in Lean 4 (Section 6).

Proposition 5.3 (Incentive compatibility — conditional). Suppose the overlap graph is
equipped with an audit triangulation satisfying the covering condition (Definition 4.3).
Under positive bond-slash rates and bonds exceeding the bias-to-detection ratio (Corol-
lary 4.4), honest participation in reporting is a dominant strategy for each agent. Honest
provision in the correction auction is dominant-strategy truthful in the single-correction
case (second-price reverse auction) and truthful-in-expectation in the combinatorial case
(budget-feasible mechanism; see Remark 3.5). Honest participation in the diagnostic phase
is unconditional (the algorithm is deterministic from committed data).

Table 1: Comparison of consensus protocols for heterogeneous agents. Superscripts indi-
cate regime dependencies: a abelian/solvable only (non-solvable returns Inconclusive);
b conditional on audit triangulation and positive bond-slash rates; c non-idempotent quan-
tale required (Remark 2.16).

Property BFT CRDT MARL SHEAF
Heterogeneous vocabularies No No Partial Yes
Impossibility detection No No No Yesa
Impossibility certificate No No No Yesa
Architectural prescription No No No Yes
Incentive-compatible Varies N/A No Yesb
Graceful degradation No Yes Partial Yesc
Communication complexity O(n2) O(n) Unbounded O(|E|)a

2This argument—that the spanning-tree propagation either finds the unique coboundary or cer-
tifies its nonexistence, and that Algorithm 1 never produces a false coboundary witness—has
been formally verified in Lean 4 by Aristotle (Harmonic). The formal verification also confirmed
that the spanning-tree hypothesis is load-bearing: completeness is provably false without it. See
lean/SHEAF/NoFalseTrivial.solution.lean in the companion repository.
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Table 2: SHEAF guarantee ledger by coefficient regime. Each row specifies the possible
diagnostic outputs, whether each output carries a verifiable certificate, and the Phase 3
(Laplacian resolution) convergence status. Phase 3 runs only after a Trivial diagnostic;
its convergence is independent of whether the diagnostic returned Inconclusive on a
prior run. ✓= proven, ⋆ = conditional on Conjecture 2.13.

Coefficient regime Outputs Certificate Phase 3 conv.

Abelian (Z/pZ) T / NT coboundary / cycle ✓ ✓
Solvable finite group T / NT coboundary / cycle ✓ ✓
Compact non-solvable T / NT / Inc coboundary / cycle / none ✓
General finite non-solvable T / NT / Inc coboundary / cycle / none ✓
Quantale-enriched n/a (no H1) n/a ⋆

Key: T = Trivial, NT = Nontrivial, Inc = Inconclusive. Soundness holds for T and NT
(both carry verifiable certificates); Inc carries no soundness claim.

Table 2 summarizes the guarantee landscape. In the abelian and solvable regimes, the
diagnostic always resolves to Trivial or Nontrivial, each with a verifiable certificate
(coboundary witness or cycle certificate respectively). In the non-solvable regimes, the
diagnostic may additionally return Inconclusive—signaling that the spectral heuris-
tic could not resolve the question within the computational budget. Soundness holds
for Trivial and Nontrivial outputs only; Inconclusive routes to the auction as
“obstruction suspected.” The quantale-enriched row is marked “n/a” because H1 itself
is undefined in the enriched setting (Remark 2.14); the Phase 3 convergence entry is
conditional on the Laplacian Bridge Conjecture.

Table 3 provides a fine-grained epistemic map of the paper’s claims. The separation
into proved, empirical, conditional, and conjectural layers is intended to make the paper’s
knowledge state machine-readable: a reader can immediately distinguish what is load-
bearing theorem from what is supported conjecture, and calibrate trust accordingly.

Scope of the Laplacian Bridge Conjecture dependence. The Laplacian Bridge
Conjecture (Conjecture 2.13) is the single unproven item on which the enriched-coefficient
convergence guarantee depends. However, the paper’s empirical contributions do not
require it. The M1–M2 extraction pipeline operates in the group regime (O(k) coefficients
via Procrustes), where the connection between H1 and the connection Laplacian is a
known equivalence [22, 23]—the Bridge is a theorem, not a conjecture, in this setting.
The OAEI experiment operates over finite groups (Z/2Z), where Algorithm 1 is exact and
Lean-verified. The Laplacian Bridge Conjecture matters only for the enriched (quantale-
valued) regime that would extend SHEAF to non-invertible reconciliation—precisely the
regime the paper identifies as open. A reviewer targeting the Bridge as a weakness should
note that every experiment reported in this paper operates in a regime where the relevant
mathematics is proven.

6 Implementation Sketch
A prototype implementation skeleton accompanies this paper in the simulations/ di-
rectory, illustrating the protocol architecture. The implementation is in Python and is
structured as follows:
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Table 3: Epistemic status of SHEAF claims. Each row records a specific claim, its
verification level, and the supporting evidence. “Proved (Lean 4)” means mechanically
checked in Lean 4/Mathlib; “Proved (standard)” means follows from known mathematics;
“Empirical (this paper)” means validated by experiments reported herein; “Conditional”
depends on a stated conjecture; “Heuristic” is supported by evidence but not proven.
Claim Status Evidence

H1 = 0 iff coboundary (abelian) Proved (Lean 4) 12 theorems, 5 files
Alg. 1 soundness Proved (Lean 4) alg1_sound
Alg. 1 completeness Proved (Lean 4) alg1_complete (spanning hyp.)
No false trivial (Theorem 5.1) Proved (Lean 4) no_false_trivial
H1 monotone under edge addition Proved (Lean 4) betti1_nondecreasing
Submodularity of H1 reduction
(abelian)

Proved (standard) Matroid rank argument

Tropical bridge ([0,∞] ∼= Bellman-
Ford)

Proved (standard) Proposition 2.15

Boolean lattice bridge (2[k], Sk) Empirical (this paper) Exhaustive computation, k ≤ 3
OAEI diagnostic correctness Empirical (this paper) Section 6.1, 7 ontologies
Irresolvable H1 (4-agent, Z/2Z) Empirical (this paper) Square graph impossibility cert.
M1-M2 Procrustes extraction (syn-
thetic)

Empirical (this paper) Tier 1–2 validation suite

M1-M2 gauge equivalence (8 real
models)

Empirical (this paper) Section 7, SNR ≈ 1.0×

Auction O(1)-approx (submodu-
lar)

Conditional On Singer’s mechanism

Laplacian–cohomology bridge (en-
riched)

Conjectural Conjecture 2.13

Communication bottleneck (two-
component)

Conj. + comp. evidence Conjecture 7.1

Sheafable interface conditions Definitional Remark 2.6
H1 for quantale-enriched coeffi-
cients

Open Remark 2.14

• nerve.py: Constructs the Čech nerve from agent overlap data. Input: a set of
agents and a function mapping pairs to overlap indicators. Output: a simplicial
complex represented as a list of simplices. Complexity: O(n2) for n agents (pairwise
overlap check); O(n3) if triple overlaps are checked.

• cohomology.py: Computes H1(N,Equiv) for abelian coefficients via the spanning-
tree algorithm (Algorithm 1). Returns the H1 class and, if trivial, the witness {βi}.
For non-abelian coefficients, implements the constraint-propagation heuristic.

• laplacian.py: Implements the enriched sheaf Laplacian iteration (1). Placeholder
for the full Ghrist–Riess diffusion; current implementation handles the Boolean and
Cost quantales.

• auction.py: Implements the topology auction mechanism. Computes candidate
corrections via greedy ranking, runs the second-price reverse auction (single-correction)
or budget-feasible mechanism (combinatorial), and verifies post-edit H1 = 0 on the
corrected sheaf.

Integration points. The prototype is designed for integration with:

29



• CrewAI / LangGraph / AutoGen: each LLM agent wraps its local state as
a restriction-map-compatible object; the SHEAF diagnostic runs as a coordination
middleware.

• ROS2: each robot node publishes its restriction maps as ROS topics; the SHEAF
diagnostic subscribes to overlap topics and publishes H1 status.

• Smart contract platforms: the bond and auction logic can be implemented as
on-chain contracts; the H1 verification can be performed by an on-chain verifier or
an optimistic oracle.

• AlgebraicJulia: the AlgebraicOptimization.jl package [33] provides sheaf Lapla-
cian construction and distributed ADMM-based solvers over cellular sheaves, com-
puting H0 = kerLF directly.

Formal verification. The algebraic and algorithmic safety core of SHEAF has been me-
chanically verified in Lean 4/Mathlib (12 theorems across 5 files), using the Aristotle au-
tomated prover (Harmonic).3 Verified claims include: the obstruction classification (Betti
number identities, cycle characterization of H1 6= 0); the diagnostic algorithm (soundness
and completeness of Algorithm 1); the safety guarantee (no false trivial, Theorem 5.1);
cycle-certificate soundness; and H1 monotonicity under edge addition (Remark 3.4).

During verification, Lean produced a counterexample to an earlier unconditional com-
pleteness claim for Algorithm 1: a tree decomposition that does not span all vertices
admits a coboundary with nonzero back-edge residuals. This yielded a corrected theo-
rem: completeness holds under a natural spanning hypothesis—the diagnostic tree must
reach every vertex in the relevant component—and is sharp (false without the hypothe-
sis). The spanning condition is already required by the algorithm’s construction (Step 1:
“choose spanning tree T ⊆ E”), but the formal verification identified it as a load-bearing
precondition for the completeness guarantee, not merely a practical choice. The sound-
ness direction (“all residuals zero implies coboundary”) holds unconditionally.

The precise claim is: the algebraic core of the protocol—obstruction classification, di-
agnostic correctness, and monotonicity—is machine-checked for finite abelian coefficients.
The mechanism design, enriched convergence, and non-abelian heuristics are not formal-
ized (they live in game theory and analysis, not algebra). Lean source files and Aristotle
solution files are available in the companion repository (lean/SHEAF/).

Evaluation benchmarks. Three benchmark suites provide natural ground-truth eval-
uation:

• OAEI (Ontology Alignment Evaluation Initiative) [32]: 16 heterogeneous ontolo-
gies describing the same domain, with 21 human-curated pairwise alignments. We
report results on the Conference track below (Section 6.1).

• HeMAC [30]: heterogeneous multi-agent coordination with three agent types
(quadcopters, observers, provisioners) having genuinely different sensors, observa-
tion spaces, and action spaces.

• Valentine [31]: 500+ dataset pairs with ground truth across unionable, joinable,
and semantically-joinable scenarios—directly testing overlap topology for multi-
source data integration.

3Aristotle (Harmonic) is an AI-powered automated theorem prover for Lean 4; see https://harmonic.
fun. Lean source and solution files are in the companion repository (lean/SHEAF/).
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No existing benchmark tests multi-agent LLM concept consensus (agents with heteroge-
neous conceptual vocabularies discovering overlapping concepts). Constructing such a
benchmark is an explicit goal of future work.

6.1 Empirical validation: ontology alignment
The OAEI Conference track [32] provides an ideal test case: 7 ontologies (Cmt, ConfOf,
Conference, Edas, Ekaw, Iasted, Sigkdd) model the same domain (conference organiza-
tion) from different perspectives, with 21 human-curated pairwise reference alignments
mapping classes across ontologies. Each alignment specifies equivalence correspondences—
e.g., cmt#Paper = confOf#Contribution—serving exactly as SHEAF’s transition maps
αij.

Experiment. We construct the overlap graph (7 vertices, 21 edges) and check cocycle
consistency on all

(
7
3

)
= 35 triples: for each triple (i, j, k) and each concept ci that chains

through all three pairwise alignments, we test whether αjk(αij(ci)) = αik(ci). If any
concept fails this test, the triple is frustrated (the cocycle product around the cycle is
nontrivial). Consistent triples become 2-simplices in the Čech nerve; frustrated triples
leave open cycles. We then compute H1 of the resulting nerve with Z/2Z coefficients.

Results. Of 35 triples, 32 are consistent and 3 are frustrated:

Triple Concept Via middle Direct

Cmt–ConfOf–Conference Conference Conference_volume Conference
ConfOf–Edas–Iasted Event Conference_activity Activity
Edas–Ekaw–Iasted ConferenceEvent Activity Conference_activity

Each violation is a concrete cycle certificate: the concept’s image under the composed
path i → j → k differs from its image under the direct path i → k, proving the cocycle
is nontrivial on that cycle.

Despite three frustrated triples (Figure 4), SHEAF reports H1(N ,Z/2Z) = 0: the
nerve is dense enough (32 filled triangles out of a maximum 35) that the frustrated cycles
are boundaries of higher chains through alternative consistent triples. The diagnostic is
Trivial—the inconsistencies are globally repairable by local relabeling.

Interpretation. This result matches the OAEI community’s own experience: the “en-
tailed reference alignment” (ra2) was obtained from the original (ra1) by computing a tran-
sitive closure and manually resolving conflicting correspondences, which were described as
“relatively restricted” [32]. SHEAF automates this diagnosis. The 3 violated concepts all
involve the semantic boundary between “event,” “conference,” and “activity”—a genuine
ontological ambiguity, not a data error.

The distinction from existing alignment coherence methods [35, 36] is structural:
those methods detect individual correspondences that violate conservativity or logical
consistency and remove them; SHEAF diagnoses the global topological structure of the
alignment network, certifying whether any local repair suffices (H1 = 0) or whether
structural change is needed (H1 6= 0). On this dataset, existing pairwise coherence
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▲ = frustrated (3 of 35)

remaining 32 triples: consistent

H1(N ,Z/2Z) = 0

Figure 4: The OAEI Conference track nerve: 7 ontologies (complete overlap graph K7,
21 edges). Of 35 possible triples, 32 are consistent (filled 2-simplices) and 3 are frus-
trated (shaded red: Cmt–ConfOf–Conference, ConfOf–Edas–Iasted, Edas–Ekaw–Iasted).
Despite the frustrated triples, H1 = 0: the nerve is dense enough that the frustrated cy-
cles are boundaries of chains through alternative consistent triples. The inconsistencies
are globally repairable by local relabeling.

checkers would flag the 3 frustrated triples as failures requiring manual intervention;
SHEAF correctly identifies them as resolvable coboundaries (the frustrated cycles are
boundaries of higher chains through the 32 consistent triangles), certifying that local
relabeling suffices and no structural change is needed. The result is both more precise (it
identifies which concepts require adjustment) and more efficient (it avoids unnecessary
human review of resolvable inconsistencies). The experiment reproduces using the script
simulations/oaei_experiment.py in the companion repository.

6.2 End-to-end protocol trace
To demonstrate the full protocol loop, we return to the Calendar/Email/Slack scenario
from Section 2.4. Where Section 2.4 focused on the H1 computation (pedagogical), this
trace exercises the operational protocol with explicit data. The operational sequence
for an H1 6= 0 scenario is: Registration → Diagnostic → Auction → Verification →
Resolution (phases 1, 2, 4, 4-verify, 3 in the Section 3.1–3.5 numbering).

Registration (Section 3.1). Three agents register: Calendar (C), Email (E), Slack (S).
Pairwise overlaps exist on all three pairs; no triple overlap. The nerve is ∂∆2 ∼= S1. Each
agent commits its local definition of is_meeting and its restriction maps.

Diagnostic (Section 3.2). Agents compute transition maps on their pairwise overlaps.
Suppose the observed values are:

αCE = 1, αES = 0, αCS = 0 in Z/2Z.

Calendar and Email disagree on their shared records (one agent’s “yes” is the other’s “no”),
while the other two pairs agree. Algorithm 1 chooses spanning tree T = {(C,E), (E, S)},
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propagates βC = 0, βE = αCE = 1, βS = βE + αES = 1, and checks the back-edge (C, S):
residue = βS − βC − αCS = 1− 0− 0 = 1 6= 0.
Output: Nontrivial. Certificate: cycle C → E → S → C with residue 1; equiv-
alently, αCE + αES + αCS = 1 (mod 2). The certificate is verifiable by any participant
from the committed transition maps.

Topology auction (Section 3.4). The candidate generator identifies one nerve correc-
tion: add a 2-simplex {C,E, S} by introducing a shared data source (e.g., Zoom meeting
logs visible to all three agents) that creates a triple overlap. One provider Z bids cost
cZ = 5 units for deploying the Zoom integration. No other bids. The second-price reverse
auction awards the correction to Z at reserve price (single bidder). Agent Z posts bond
bedit.

Verification (re-diagnostic). Agent Z deploys the Zoom integration. The nerve is
now ∆2 (the filled triangle). Re-running Algorithm 1: the new triple overlap imposes the
cocycle condition αCE + αES + αCS = 0, forcing a re-computation of transition maps on
the enriched overlaps. With the Zoom data providing a shared ground truth, the updated
transition maps satisfy α′

CE + α′
ES + α′

CS = 0.
Output: Trivial. Certificate: coboundary witness βC = 0, βE = 1, βS = 1 (Email
and Slack each flip their definition of is_meeting). Bond bedit is released.

Resolution (Section 3.3). The Laplacian diffusion runs with the coboundary witness
as initial condition. Since H1 = 0, convergence is immediate: each agent applies its local
adjustment βi, and the global section (a consistent assignment of is_meeting across all
three systems) is achieved in one round.

The trace exercises every protocol phase: registration, diagnostic with Nontrivial
certificate, correction auction, post-correction verification with Trivial certificate, and
resolution convergence. A companion script (simulations/examples/protocol_trace.py)
reproduces the computation.

6.3 Irresolvable failure-case benchmark
To complement the resolvable protocol trace, we construct a synthetic scenario where
H1 6= 0 and no local repair suffices—the core impossibility that motivates the topology
auction.

Construction. Four agents {0, 1, 2, 3} form a square graph (cycle C4, no diagonals)
with Z/2Z coefficients. The cocycle assigns α01 = α12 = α23 = 0 and α03 = 1. The cycle
sum is 0 + 0 + 0 + 1 = 1 (mod 2), certifying H1 6= 0.

Three-layer impossibility certificate. The benchmark establishes impossibility at
three levels:

1. Coboundary correction (Phase 3): exhaustive search over all 24 = 16 vertex
adjustments {βi} ∈ (Z/2Z)4 confirms that no coboundary correction zeroes the
cocycle. The cycle sum

∑
i αei is invariant under coboundary adjustment—this is

the core topological obstruction that Laplacian diffusion cannot resolve.
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2. Edge relabeling (semantic change): any single edge flip resolves H1 (flipping
one value toggles the cycle parity). However, this requires an agent to change the
meaning of its shared concepts with a neighbor—a semantic cost, not a parameter
adjustment. This is exactly the cost the topology auction prices.

3. Topological repair: edge removal trivializes H1 (any edge deletion breaks the cy-
cle, leaving a tree with H1 = 0), but reduces the overlap structure. Edge addition
never reduces graph-cohomological H1: adding an edge increases β1 (more inde-
pendent cycles, more potential frustration). Only adding a 2-cell (filling a triangle)
can kill a cycle class—but the square graph has no adjacent triples to fill. Diagonal
additions with any label leave H1 nontrivial.

The benchmark confirms that the auction is genuinely necessary: some topological ob-
structions cannot be resolved by local adjustment, relabeling, or edge modification alone.
The companion script (simulations/examples/failure_benchmark.py) reproduces the
full analysis.

7 Extensions and Open Problems
1. Bridge for lattice sheaves (strong computational evidence). For cellular

sheaves with Boolean lattice stalks 2[k] and restriction maps in Sk, computational
evidence (Section 2.7) supports the following: the Tarski operator has a fixed point
strictly between ⊥ and > if and only if [α] = 0 in H1(G,Sk), provided the cocycle
permutation acts freely on non-extreme lattice elements. The forward direction
(coboundary adjustment yields nontrivial fixed point) is immediate. The reverse
direction relies on the key lemma that for a non-identity permutation σ acting freely
on the atoms, meet(x, σ(x)) = ⊥ for any atom x—the “destructive interference”
that forces frustrated sections to collapse. Generalizing from Boolean lattices to
finite distributive lattices (which cover the assume-guarantee contracts in Riess’s
SEAMAN framework [4]) requires understanding how the cocycle interacts with the
lattice’s join-irreducibles, and is the natural next step toward a full lattice Bridge
theorem.

2. Enriched H1 without additive inverses. The most urgent mathematical ob-
stacle (Remark 2.14): the standard quotient H1 = ker δ1/ im δ0 requires additive
inverses that quantales lack. Two paths deserve investigation. First, define en-
riched H1 as a pointed set with quantale-valued metric, where the obstruction cost
ρ(α) = infb∈B1 dV(α, b) serves as the metric. This concept has no name in the liter-
ature; establishing that it satisfies the expected properties (metric axioms, stability
under refinement) is an open problem. Second, detect the H1 obstruction indirectly
via the spectral gap of a degree-1 connection Laplacian [23], leveraging the known
Hodge correspondence for vector-space sheaves [20] as a template. Resolving this
obstacle would simultaneously prove the Laplacian–Cohomology Bridge Conjecture
(Conjecture 2.13).

3. Non-abelian coefficients: distributed complexity. SHEAF’s non-abelian di-
agnostic is an instance of group synchronization (Section 3.2). By Bulatov’s CSP
dichotomy theorem [25], exact synchronization over a finite group G is polynomial iff
G is solvable, and NP-complete otherwise. Approximate synchronization (minimiz-
ing frustration) is polynomial for all compact groups via spectral methods [22, 23].
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Open: what is the distributed round complexity of approximate group synchroniza-
tion as a function of the spectral gap of the connection Laplacian? Lerman–Shi’s
cycle-edge message passing [24] provides a starting point.

4. Dynamic topology and incremental H1. When agents join or leave the network,
the nerve changes. Cohen-Steiner–Edelsbrunner–Morozov [29] maintain persistence
pairings under simplex transpositions in O(1) amortized time, and the stability the-
orem [16] guarantees bounded cohomology changes under small nerve perturbations.
Open: a distributed incremental algorithm for H1 updates—essential for real-time
agent coordination where the network is not static.

5. Privacy-preserving cocycle computation. Can the H1 diagnostic be performed
without revealing the transition maps {αij} to non-participating agents? A zero-
knowledge proof of H1 triviality (or non-triviality) would allow the diagnostic to
run on encrypted data. The algebraic structure of the cocycle condition (linear over
Z/pZ) is amenable to standard ZK-SNARK constructions.

6. Correction complexity and submodularity. The H1 monotonicity constraint
(Remark 3.4) forces a precise formulation: edge addition on a 1-complex cannot
reduce H1, so effective nerve corrections must add 2-cells. For 2-cell addition with
abelian coefficients, H1 reduction is submodular by a matroid rank argument (the
columns of δ1 form a linear matroid over the coefficient field), and Singer’s budget-
feasible mechanism [27] applies directly. Whether submodularity holds for non-
abelian or enriched coefficients is open. The general problem of finding minimum-
cost 2-cell additions to kill H1 is plausibly NP-hard (it resembles minimum fill-
in and feedback set problems); characterizing the tractable special cases—abelian
coefficients, bounded treewidth, bounded genus—is an open algorithmic question.

7. The M1–M2 extraction problem: empirical results. The most significant
practical gap for deploying SHEAF is computing group-valued transition maps
αij from real agent outputs. We address this with a concrete Procrustes-based
extraction pipeline and report the first empirical test of cocycle triviality across
real embedding models.
The gap. SHEAF’s diagnostic requires each pair of communicating agents to pro-
duce a transition map αij ∈ Equiv(Ui ∩ Uj) on their shared overlap. For agents
with structured output schemas (database queries, typed API responses, formal
ontologies), the group structure is manifest in schema isomorphisms—the OAEI
experiment (Section 6.1) demonstrates this regime. For agents with unstructured
outputs (embeddings, free-text), the natural group is O(k) (orthogonal transforma-
tions of the embedding space), and the transition maps are Procrustes alignments.
Pipeline. Given n embedding models and a shared anchor corpus of N sentences:
(i) embed all N anchors in each model, producing matrices Xi ∈ RN×d; (ii) mean-
center each Xi independently, then compute a per-model PCA projection to di-
mension k � d—each model retains its own top-k principal subspace (mandatory:
orthogonal Procrustes in Rd with N < d anchors is underdetermined; the per-model
choice preserves each model’s natural geometry rather than imposing a shared ba-
sis); (iii) for each pair (i, j), solve orthogonal Procrustes: Rij = argminR∈O(k) ‖XiR−
Xj‖F via SVD of X⊤

i Xj; (iv) build the connection Laplacian L ∈ Rnk×nk [22] from
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the O(k)-valued cocycle {Rij} on the complete graph of n models. The synchro-
nization residual is the k-th smallest eigenvalue λk−1(L): zero iff the cocycle is a
coboundary (i.e., a global gauge exists), positive iff frustrated. The primary metric
is the frustration SNR: λk−1(Lreal)/λk−1(Lnull), where Lnull is built from a noise-
matched null (anchor correspondences randomly permuted per-model to destroy
real structure while preserving marginal embedding statistics).
Synthetic validation. The pipeline was validated on controlled synthetic data (Tier 1:
direct cocycle tests; Tier 2: full pipeline with non-isometric embeddings). Key
findings: (a) the connection Laplacian correctly distinguishes coboundary cocycles
(spectral gap < 10−14) from frustrated cocycles (spectral gap monotonically in-
creasing with defect angle θ, from 3 × 10−4 at θ = 0.05 to 0.76 at θ = π); (b) the
diagnostic is robust across PCA dimensions (k = 32 to 256) and anchor ratios
(n/k = 2 to 10); (c) noise degrades separation—at SNR < 20 dB, noise-induced
frustration dominates real signal, confirming the necessity of a noise-matched null.
Real embedding experiment. We tested 8 sentence-transformer models (all 768-
dimensional): three MPNet variants (STS, paraphrase, QA) as within-family con-
trols; DistilRoBERTa and DistilBERT-MSMARCO as cross-architecture treatments;
BGE (BAAI), E5 (Intfloat), and Nomic as cross-organization treatments. The an-
chor corpus comprised 5,000 template-generated English sentences formed from
combinatorial patterns over 20 subjects, 15 verbs, 15 objects, and 15 modifiers
(deterministic seed for reproducibility; the script is included in the companion
repository). While this ensures exact replication, the semantic range is narrower
than a natural-language corpus; extending to diverse corpora (e.g., STS Bench-
mark, Wikipedia) is a natural robustness check. For each PCA dimension k ∈
{64, 128, 256, 384}, we computed the cocycle, the spectral gap (frustration), and a
noise-matched null (shuffled anchor correspondences destroying real structure while
preserving marginal statistics).
Result: gauge equivalence (the Platonic outcome). Across all 56 triples (

(
8
3

)
) and all

PCA dimensions, the frustration gap was indistinguishable from noise (SNR
≈ 1.0×):

k Frust. gap Null gap SNR Verdict

64 3.550 3.592 0.99× trivial
128 3.569 3.609 0.99× trivial
256 3.583 3.591 1.00× trivial
384 3.585 3.602 1.00× trivial

Interpretation: instrument calibration. The connection Laplacian diagnostic tests
a structural property—global gauge equivalence (H1 = 0)—that is strictly stronger
than pairwise similarity. Existing methods for comparing embedding models (linear
CKA, centered kernel alignment, representation similarity analysis [41]) are H0-type
measurements: they test whether model A’s representation is similar to model B’s,
one pair at a time. Our diagnostic is an H1-type measurement: it tests whether
the pairwise alignments compose transitively—whether a single global gauge
transformation can bring all models into a common frame simultaneously. Models
could align pairwise yet fail to compose (H1 6= 0), a structural failure invisible to all
existing metrics. On current SOTA models, the diagnostic reports H1 = 0: pairwise
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Procrustes methods are sufficient, and anyone chaining these models (retrieval →
reranking→ classification) is not vulnerable to silent compositional inconsistency in
this regime. The Platonic Representation Hypothesis [41] predicts this outcome; the
diagnostic provides the first direct structural test rather than pairwise correlational
evidence. Viewed as a controlled experiment, this result isolates the communication
channel as the failure locus: since internal representations are gauge-equivalent, any
frustration observed in deployed multi-agent systems is introduced by the interface,
not inherited from the geometry.
Pairwise-vs-global decoupling. Procrustes residuals reveal a 64× range: closely re-
lated models (DistilRoBERTa–MPNet-STS: 12.8; BGE–E5: 13.4) align nearly per-
fectly, while architecturally distant pairs (DistilBERT-MS–Nomic: 229; E5–Nomic:
820) have large residuals. Despite this range, no triple shows cycle frustration
above noise. The non-orthogonal components cancel around every cycle rather
than accumulating. This decoupling between pairwise residual magnitude and cycle
frustration illustrates the diagnostic’s value: it distinguishes “large but composable”
misalignment (noise, H1 = 0) from “structurally frustrated” misalignment (H1 6= 0)
that pairwise methods would miss entirely.
Where the diagnostic would fire. The gauge-equivalence finding is specific to the
tested regime: same-dimensional models on a common-domain corpus. Frustration
is more likely to emerge in: (a) cross-dimensional models (where Procrustes is
replaced by lossy CCA/zero-padding, placing the problem in the monoid regime);
(b) domain-shifted corpora (where models trained on different domains embed the
same sentence in structurally incompatible ways); (c) the structured-output regime
(LLM-generated JSON schemas), where field permutations form a discrete group
and non-composability may arise from prompt-dependent schema choices. These
regimes—where the diagnostic is most likely to report H1 6= 0 and trigger the
topology auction—are the natural next deployment targets.
Two sheaves on the same nerve: representation vs. communication. The result
above concerns the representation sheaf : stalks are internal embedding spaces
Vi, restriction maps are Procrustes rotations Rij ∈ O(k), and H1 = 0 means the
internal geometries are globally compatible. But LLM agents do not communi-
cate via embeddings. They communicate via strings—a discrete channel C of
capacity B = log2 |C|L bits for sequences of length L over vocabulary C. The
communication sheaf has the same stalks Vi but different restriction maps:
αij = dj ◦ ei : Vi → Vj, where ei : Vi → C is agent i’s encoding (generation) and
dj : C → Vj is agent j’s decoding (interpretation). These maps are non-invertible
(information is destroyed at every hop), stochastic (at temperature > 0), and
context-dependent (varying with prompt and conversation history). They are not
group-valued; they are kernel-valued (Markov kernels) at best, placing the com-
munication sheaf squarely in the enriched regime where the natural cost structure
is a Lawvere metric (e.g., KL divergence between interpretation distributions)—
precisely the quantale-enriched framework of Section 2.5.
The representation-sheaf result (H1 = 0) therefore serves as a baseline: it es-
tablishes that the agents’ internal geometries are compatible, so any coordination
failures observed in string-mediated systems are introduced by the communication
channel, not inherited from the representation layer. H1 = 0 in the representation
sheaf does not imply H1 = 0 (or even well-definedness of H1) in the communi-
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cation sheaf. The gap between these two sheaves—clean internal geometry, lossy
external channel—is the precise locus of the multi-agent coordination problem, and
closing it requires either bypassing language (embedding-mediated coordination) or
imposing enough type structure at the interface to stabilize the transition maps (see
Remark 2.6).
One further avenue is game-theoretic: pairs of agents could play bilateral negotia-
tion games—using the fixed-point structures of Shapley operators [39]—to agree on
a common level of abstraction before SHEAF runs the global diagnostic, effectively
engineering invertibility where it does not arise naturally.

Conjecture 7.1 (Communication Bottleneck — Refined). Let n ≥ 3 agents have d-
dimensional internal representations related by gauge transforms {gij} ⊂ O(d) with angu-
lar magnitude θ = maxij ‖ log gij‖. Let each agent communicate through a B-dimensional
linear channel via encoder Ei : Rd → RB. Let π : O(d) → O(B) denote the Procrustes
projection (nearest orthogonal factor in the B-dimensional image). The communication-
sheaf cocycle decomposes into two independent frustration components:

(a) Encoder alignment. For agents with aligned encoders (Ei ≈ Ej), the communi-
cation cocycle preserves the coboundary structure of the representation sheaf when
θ < θc(B, d): the spectral gap satisfies λB−1(Lcomm) ≤ C · θ2, where C depends
on B/d. This follows from the fact that π is smooth near the identity and its dif-
ferential dπI : o(d) → o(B) is the natural restriction of the Lie algebra—a linear
(hence homomorphic) map. The nonlinearity that destroys cocycle structure enters
at second order in θ.

(b) Encoder mismatch (Haar universality). For agents with misaligned en-
coders (independently drawn Ei), the Procrustes-projected communication cocycle
is Haar-distributed on O(B): each transition Rij = UV ⊤ from SVD(EiE

⊤
j ) is

Haar-random by bi-invariance of the encoder distribution, and edge correlations
from shared vertices contribute a correction of O(B/d). Consequently, the ex-
pected spectral gap satisfies E[λB−1(Lcomm)] = Haar(B, n) · (1 − O(B/d)), where
Haar(B, n) > 0 is the expected spectral gap of a Haar-random O(B) cocycle on
Kn, with Haar(B, n) → 1 as B → ∞. The gap depends on B alone, not on d/B:
the channel does not partially degrade the gauge structure but completely replaces
it with random noise, for any B < d. No choice of gauge transforms can reduce
frustration below Haar(B, n)·(1−O(B/d)) in expectation. Encoder differences dom-
inate gauge magnitude: even agents with identical internal representations (θ = 0)
produce full frustration when their encoders differ.

(c) Type structure reduces effective mismatch. The sheafability conditions (Re-
mark 2.6) operate by reducing effective encoder mismatch—standardizing the en-
coding format makes the agents’ Ei more similar, moving from regime (b) toward
regime (a), where gauge magnitude determines frustration and the representation-
sheaf baseline (H1 = 0) is recoverable.

(d) Shared-subspace interpolation. If agents share kshared of their B encoding di-
mensions and differ on the remaining B− kshared, the frustration on the shared sub-
space is O(θ2) (coboundary in the aligned regime), while the full-space frustration
interpolates monotonically between regimes (a) and (b) as kshared/B varies from 1
to 0. This provides the quantitative mechanism for item (c): each sheafability condi-
tion (fixed schema, deterministic decoding, bounded coercions) increases the effective
kshared, monotonically reducing frustration on the task-relevant dimensions.
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Computational evidence. A linear simulation suite (simulations/extraction/)
validates all components: (i) for shared encoders, the spectral gap spans six orders of
magnitude from θ = 0.008 rad (gap < 10−6, coboundary) to θ = π (gap ≈ 1, random),
with a transition near θc ≈ 0.4 rad; the frustration constant λ/θ2 ≈ 0.021 is stable across
three orders of magnitude (θ = 0.001 to θ = 1.0), confirming sharpness of the O(θ2)
bound; (ii) for independent encoders, the gap matches the Haar-random O(B) baseline
to within 1–5% across all tested (d,B) pairs with d/B ≥ 2; fixing B and varying d
from 2B to 32B changes the gap by < 2%, confirming that the gap depends on B alone;
each individual Procrustes rotation passes a Kolmogorov-Smirnov test against the Haar
distribution (p-values > 0.05); (iii) subspace general position (kernel dimensions, pairwise
and triple intersections) matches dimension-counting predictions exactly; (iv) the shared-
subspace cocycle is always coboundary (gap < 10−9) while the full cocycle frustration
decreases monotonically from 0.96 (kshared = 0) to 0.00 (kshared = B), confirming the
interpolation. The representation-sheaf cocycle has gap < 10−15 in all cases, confirming
the gauge equivalence baseline.

The Laplacian Bridge Conjecture (Conjecture 2.13) is SHEAF’s central mathematical
open problem: it asks whether the enriched Laplacian detects obstructions in non-group
coefficient regimes. The Communication Bottleneck Conjecture is the central applied
open problem: it characterizes when a lossy channel destroys the gauge structure that
the representation sheaf preserves. The two conjectures address complementary regimes:
the Bridge extends the diagnostic to enriched coefficients; the Bottleneck identifies when
enriched coefficients are needed (when encoder mismatch or large gauge angles place the
communication sheaf outside the group regime). Together, they would yield a complete
obstruction theory for string-mediated multi-agent coordination.

The refined Bottleneck also connects the Platonic embedding result to the engineer-
ing prescription. The empirical finding that current SOTA models have gauge angles
θ < 0.08 rad (Section 7, item 7) places them deep in regime (a), where a shared or
aligned channel preserves coordination. The practical failure mode is therefore not the
gauge magnitude but the encoder mismatch between agents with different tokenizers, ar-
chitectures, or training distributions. This is precisely what the sheafability conditions
(Remark 2.6) are designed to control: fixed schemas reduce encoding variance, determinis-
tic decoding stabilizes transition maps, and bounded coercions keep the effective encoder
distance small enough for the linearization in (a) to hold.

8 Discussion: When Does the Diagnostic Apply?
The SHEAF diagnostic is validated on static ontology networks (Section 6.1) and cali-
brated against real embedding models (Section 7, item 7). A natural question is whether
the H1 obstruction arises in current LLM-based multi-agent systems. We argue that it
does not—for structural reasons that are themselves informative—and that the engineer-
ing trajectory of the agent ecosystem is moving toward the regime where it will.

Why current LLM agent systems do not exhibit diagnosable H1. Current multi-
agent LLM coordination occupies two regimes, neither of which produces the algebraic
structure that H1 requires. In the unstructured regime—agents communicating via free-
form natural language—there is no stable transition map between agents’ interpretations.
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The “reconciliation” between GPT’s and Claude’s understanding of a message is a stochas-
tic function of the prompt, the conversation history, and the decoding temperature; it is
not a group element, and there is no algebraic object over which to compute cohomology.
In the fully structured regime—agents communicating via rigid typed schemas (database
queries, fixed API calls)—the transition maps are explicit schema isomorphisms, and the
consistency check reduces to a database join. The diagnostic is well-defined but unnec-
essary: pairwise consistency checks already detect all failures, because the schemas are
rigid enough that composition is trivially verifiable.

The framework’s domain of applicability is the intermediate regime: agents with semi-
structured communication, stable enough to define algebraic transition maps but flexible
enough that the maps don’t trivially compose. The OAEI experiment (Section 6.1) val-
idates this regime for static ontology alignment, where the transition maps are human-
curated but the cycle structure is nontrivial. The Procrustes experiment (Section 7,
item 7) tests the unstructured regime and correctly reports H1 = 0—not because coor-
dination is perfect, but because the “transition maps” are too noisy to carry topological
information. These are the right results for the right reasons: the diagnostic is silent
when the algebraic preconditions are not met, and informative when they are.

Why the engineering trajectory converges on the diagnosable regime. Three
concurrent developments are moving LLM agent systems from the unstructured regime
toward the structured-but-nontrivial intermediate regime. First, typed communication
protocols—Google’s Agent-to-Agent (A2A) protocol, Anthropic’s Model Context Proto-
col (MCP), and OpenAI’s function-calling schemas—constrain agent outputs to typed,
schema-validated structures. Each typed field in an agent’s output is a section of a
sheaf over a typed stalk; the transition maps between agents’ structured outputs are
schema morphisms, which are well-defined algebraic objects. Second, multi-agent orches-
tration frameworks are evolving from tree and DAG topologies (orchestrator → workers,
where H1 = 0 trivially because trees are contractible) toward peer-to-peer coordination
meshes (the A2A vision), introducing cycles in the coordination graph. Third, hetero-
geneous agent ecosystems—where agents from different providers with different training
data serve different roles—are becoming the norm rather than the exception, creating
the encoder mismatch that the Bottleneck Conjecture (Conjecture 7.1) identifies as the
source of structural frustration.

Typed interfaces + cyclic coordination topology + heterogeneous agents = the regime
where pairwise consistency checks succeed but global coordination can fail: precisely the
regime where H1 captures failures invisible to existing diagnostics.

The sheafability prescription is predictive. The sheafable-interfaces conditions
(Remark 2.6) are not a post-hoc explanation of observed failures. They are a predic-
tive specification: any multi-agent system whose communication interfaces satisfy condi-
tions (i)–(iv) is guaranteed to have well-defined transition maps, computable H1, and—
via the submodularity result (Section 7, item 6)—an efficiently approximable minimum
repair. This makes the prescription actionable before failures manifest: a system archi-
tect can verify sheafability at design time and know that the SHEAF diagnostic will be
available at runtime, rather than discovering after deployment that coordination failures
are undiagnosable.

The OAEI experiment provides the template: static ontology networks with curated
alignments are the simplest instance of the diagnosable regime. Enterprise data integra-
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tion networks—multiple databases with pairwise ETL mappings forming cyclic depen-
dency graphs—are the natural next deployment target, where H1 6= 0 would indicate
integration inconsistencies invisible to pairwise coherence checkers [35, 36]. Dynamic
LLM agent coordination will enter the diagnosable regime as typed communication stan-
dards mature and multi-agent topologies develop cycles. The mathematical framework
is ready; the infrastructure is converging.

The string-table seam: where H1 becomes nontrivial. The companion paper [2]
identifies a concrete regime where the H1 obstruction is already operative: the string-
table seam, where LLM agents translate natural language into typed, schema-validated
database operations. Three production LLMs operating against three database schemas
produce bilaterally-invisible cycle failures—every pairwise check passes, but the compo-
sition around the coordination cycle does not close—in the nontrivial-H1 regime. The
minimum number of typed 2-cells (“bridge concepts”) required to restore cycle closure
equals dimH1 of the interpretation sheaf on the coordination graph: the coherence fee.
Meanwhile, the representation-sheaf baseline reported in Section 7 confirms H1 = 0 for
the same models’ internal embeddings. Together, these results locate the first computably
nontrivial obstruction at the structured-output interface, not in the internal geometry—
precisely the intermediate regime where SHEAF’s diagnostic and auction mechanisms
become operative.
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